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PETER OZSVATH AND ZOLTAN SZABO 

Abstract. We use Heegaard decompositions and the theta divisor on a Riemann- 
ian surface to define a three-manifold invariant for rational homology three-spheres. 
This invariant is defined on the set of Spin c structures 

0: Spin c (r) — ► Q. 

In the first part of the paper, we give the definition of the invariant (which builds 
on the theory developed in [18]). In the second part, we establish a relationship 
between this invariant and the Casson- Walker invariant. 



1. Introduction 

In [18], we studied a topological invariant associated to Heegaard decompositions 
of oriented three-manifolds whose first Betti number bi(Y) is positive. Starting with 
a Heegaard decomposition Uq Ug U\ for Y, the invariant measures how the theta 
divisor of £ moves as the surface undergoes degenerations naturally associated to the 
Heegaard splitting. In this paper, we describe a related construction which works in 
the case where b\{Y) = 0, giving a function 

6: Spin c (F) — ► Q 

on the set of Spin c structures on Y. Once again, the invariant measures how the 
theta divisor moves under the prescribed degenerations, except that now a subtlety 
arises due to a path-dependence of the earlier construction. 

To recall the definition of the invariant from [18], we give some geometric back- 
ground. A Heegaard decomposition U Us U\ of Y is a decomposition of the three- 
manifold as a union of two handlebodies, identified along an oriented surface X of 
genus g. A handlebody U can be described by attaching to E g two-handles and 
one three-handle. Let {71, ...,7 S } denote the attaching circles for these two-handles. 
As explained in [18], the handlebody gives rise to a special class of metrics on S, 
the U -allowable metrics. Informally, any metric which is sufficiently stretched out 
normal to {71, ...,7 9 } is a [/-allowable metric. We think of the Jacobian, J, as the 
space of holomorphic line bundles over £ with degree g — 1, which in turn is iden- 
tified with H l {Y,\ S 1 ), by specifying a spin structure on S. The handlebody U gives 
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rise to a canonical g-dimensional torus L(U) C J, which corresponds to the torus 
-ff 1 (f/;S' 1 ) C i/ 1 (S;S' 1 ) under the correspondence induced from any spin structure 
on E which extends to U . (Note that L(U) is independent of the spin structure on 
U .) A metric h on E gives rise to an Abel-Jacobi map 

0: Sym^^E) — > J, 

which associates to a point D in the (g — l)-fold symmetric product the holomorphic 
line bundle which admits a holomorphic section vanishing exactly at D. For a U- 
allowable metric, L{U) is disjoint from the theta divisor. Fix a path h t such that h 
is fTo-allowable and hi is U\ -allowable, and consider the moduli space 

M(h t ) = {(s,t,D) e [0,1] x [0,1] x Sym^E)!* < t,Q hs (D) e L(U ),Q ht e L(Ui)}. 

For a generic path (and small perturbations of the L(U ) and L(Ui)), these points 
form a discrete set, which misses the locus where s = t. Moreover, the points can be 
naturally partitioned according to Spin c structures over Y, and we define 9h t (a) to 
be the signed number of points in the subset corresponding to the Spin c structure a. 
When b\{Y) > 0, this signed count is shown to be independent of the path of metrics 
and, indeed, independent of the Heegaard decomposition used in its definition. 

By contrast, in the case when bi(Y) = 0, the signed count 9 ht depends on the 
choice of path h t , since the moduli space can hit the locus where s = t in a one- 
parameter family of paths. In order to get a well-defined topological invariant, we 
correct by certain rational-valued, metric-dependent correction terms. Specifically, 
the path of metrics h t can be used to construct a metric on the cylinder R x E (where 
we stretch out the time directions, in a manner made precise in Section 5), and 
the path dependence of the invariant 0h t { a ) can be reinterpreted in terms of spectral 
flow: if h t and h' t are two paths of metrics which connect fTo-allowable to f/i-allowable 
metrics, then the difference in the 9 is related to the (complex) spectral flow of the 
Spin c Dirac operator over the cylinder R x E by: 

9 K (a)-9 ht (a) = SF(h t ,h' t ) 

(see Propositions 2.4 and 2.7). Over a handlebody U, in Section 3, we describe a 
canonical (integer-valued) correction term £° on the space of metrics over U with 
[/-allowable boundary, which also changes by spectral flow. Thus, if we take a path 
of metrics h t , extend it over Uq by k , and U\ by k±, we obtain a metric ky over Y; 
and the quantity 

C(ko) + 9 ht (a)+C(h) 

will depend on the metric ky only through the spectral flow of its associated Dirac 
operator, according to standard splitting results for the spectral flow. To get a 
topological invariant, then, it suffices to subtract off any other quantity which depends 
on the metric only through spectral flow in the same manner. 
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Such a canonical metric-dependent term £fc r (a) is furnished by the index theory for 
manifolds with cylindrical ends, developed by Atiyah-Patodi-Singer [2]. It is defined 
as follows. Choose any four-manifold X bounding Y, equipped with a cylindrical-end 
metric gx and a Spin c structure r which bounds ky and o respectively Then, 



where indx(-^) is the complex index of the Dirac operator associated to the Spin c 
structure r, and <r(X) is the signature of the intersection form of X. By the Atiyah- 
Singer index theorem, the correction term is independent of the choice of four- 
manifold X and extending Spin c structure r. Note that £fc y (a) is a priori a rational 
number (since Ci(r) 2 is rational). ( Equivalent ly, £fc y (a) can be obtained as a combina- 
tion of APS eta-functions for the Dirac and signature operators - see Equation (24). 
This latter point of view is exploited in Section 8.) 

We now define the normalized invariant 9 by the equation 



This construction parallels, and was motivated by, a similar treatment of the Seiberg- 
Witten invariant for homology three-spheres (see [9], [14], [7]). 

Our first result, whose proof occupies Sections 2-4, is that the quantity 9, whose 
definition involves certain choices (a Heegaard decomposition, a family of metrics, 
etc.), gives a well-defined three-manifold invariant: 

Theorem 1.1. The function 



is a well-defined topological invariant; in particular, it does not depend on the metrics, 
Heegaard decompositions ofY. 

Moreover, we will work out a surgery formula for the invariant, which gives a 
relationship between 9 and the invariant 9 for manifolds with bi(Y) = 1. The surgery 
formula, and our previous computations of 9 when b±(Y) = 1 from [18], give the 
following link between the complex geometry of the Heegaard decomposition and the 
SU (2) representations of the fundamental group of Y: 

Theorem 1.2. Let Y be an integral homology three-sphere. Then, 




9(a) = C(ko) + e ht (a)+e(k 1 )-ZkA*)- 



9: Spin c (Y) 



Q 



2 9(Y) = X(Y), 



where 9{Y) is the invariant evaluated on the unique Spin c structure ofY, and X(Y) 
is Casson's invariant normalized so that 4A(Y) = sign(X) (mod 16) for each spin 
four-manifold X which bounds Y . 
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The surgery formula for integral homology three-spheres, and the proof of the 
above theorem, are given in Section 6. In Section 7, we study the ^-invariant for 
rational homology three-spheres. The main result of that section gives a relationship 
between 9 and Walker's generalization of Casson's invariant (see [21]): 

Theorem 1.3. Let Y be a rational homology three-sphere. Then, 

2 0(a) = \H l (Y;Z)\X(Y), 

oes P in c (y) 

where \{Y) is the Casson-Walker invariant of'Y. 

It is interesting to compare the above with the situation in gauge theory Counting 
solutions to the Seiberg-Witten equation, one obtains a metric-dependent quantity 
for rational homology spheres, which depends on its metric through the spectral flow 
of the Dirac operator. This is the signed count STVy(a) of the irreducible Seiberg- 
Witten monopoles. This, too, can be corrected by the metric-dependent quantity £k Y 
to obtain a rational-valued function 

SW: Spin c (r) — ► Q. 

Results of [14] and [7] show that for integral homology three-spheres this invariant 
agrees with half of Casson's invariant. This, together with Theorem 1.2, underlines 
the close relationship between 9 and the Seiberg-Witten invariant (see also [18] for 
the case where bi(Y) > 0). In fact, we discovered the invariants 9 and 9 by studying 
Seiberg-Witten theory and Heegaard decompositions, and it is very natural to make 
the following conjecture: 

Conjecture 1.1. The invariant 9 agrees with the Seiberg-Witten invariant SW for 
all rational homology three- spheres. 

There are two routes for establishing this conjecture: one is to compare the surgery 
formulas for both invariants, another is to proceed more directly via an adiabatic 
limit of the Seiberg-Witten equations. Carrying out either programme would take us 
rather far from the scope of the present paper. We hope to return to these topics in 
a future paper. 
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2. Definition of the Invariant 

In this section, we start with studying the metric dependence of the quantity 6, with 
a view to showing the topological invariance of 0. We begin with a few preliminary 
remarks on the definition of 6. 

Definition 2.1. A path {ht}te[o,i} °f metrics over E is called (Uq, U±) -allowable if 

the metric h is Unallowable, and the metric hi is U\- allowable. 

Let M{h t ) denote the moduli space introduced in Section 1. 

Proposition 2.2. The moduli space M{h t ) can be naturally partitioned into compo- 
nents M(ht, a) labeled by Spin c structures over Y . Moreover, for a generic (Uq, Un- 
allowable path of metrics h t on E ; the moduli space is a compact, oriented 0-manifold 
which does not contain any points with s = t. 

Proof. The orientation and partitioning into Spin c structures are described in 
Section 2 of [18]. When g > 1, the genericity statement follows from Proposition 4.1, 
which is proved in Section 4 of the present paper. Note that solutions with s = t 
correspond to points in Sym 9_1 (E) which map to L{Uq) fl L(Ui), which is a discrete 
set of points (since Y is a homology three-sphere); so these are excluded by dimension 
counting. 

When g — 1, it is easy to see that the moduli space is empty: in that case, the 
theta divisor consists of a single, isolated spin structure, which does not bound. □ 

Armed with Proposition 2.2, we can define 6*^ (a) to be the signed number of points 
in the component of M(h t ,a). 

Definition 2.3. Given a pair of (Uq,Ui)- allowable paths h t andh' t , a (Uo,Ui)- allowable 
homotopy from h t to h' t is a smooth, two-parameter family of metrics 

H: [0,1] x [0,1] -> Met(E) 

so that for each t G [0, 1], H(0,t) = h t and H(l,t) = h' t , and for each u G [0, 1] the 
path t i— > H(u, t) is a (U , Ui) -allowable path. 

We will drop the handlebodies from the notation when they are clear from the 
context. Since the space of [/(-allowable metrics is path-connected for i — 0,1, see [18] 
(and the space of metrics over E is simply-connected), any two (U , [/^-allowable 
paths can be connected by a (U , U±) -allowable homotopy. 

Note that since Y is a rational homology sphere, the Spin c structures naturally 
correspond to the intersection points of L = L(Uq) and L\ = L(Ui), see also [18]. 

Proposition 2.4. Let h t and h' t be a pair of generic (U , U\)- allowable paths. Then, 

e ht (a)-9 K {a) = #{(£>, u,f) e Sym^E) x [0,1] x [0, l]\G HM (D) = p}, 
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where H is any allowable homotopy from ht to h' t , and p e Lq n L\ is the point 
corresponding to the Spin c structure a. 

Remark 2.5. Note that the set {(D,u,t) E Sym 9_1 (E) x [0, 1] x [0, 1] \0 H (u,t)(D) = p} 
is not necessarily transversally cut out, as one can easily see by considering spin 
structures (by Serre duality, it is easy to see that if p corresponds to a spin structure, 
then the local multiplicities are always even). Thus, the intersection number is to be 
interpreted by perturbing p slightly. 

Proof. Let H be a generic allowable homotopy connecting h t and h' t . Consider the 
moduli space 

M(H) = {(D,u,s,t)\s < t,Q Hui3 (D) E L(U ),Q Huit (D) e L(Ui)} . 

According to the generic metrics result, Proposition 4.1, this space is an oriented 
one-manifold with boundary. Since H is an allowable homotopy, the only boundary 
components are u — 0, u — 1 and s = t. Thus, counting boundaries, with sign and 
multiplicity, we get the result as stated. □ 

The difference term appearing above has another natural interpretation as a spec- 
tral flow on the cylinder RxE, inspired by work of Yoshida ([22], see also [13], [6]). 
An allowable path h t and a scale factor \i naturally induces a metric on the cylinder 
IxS given by (fidt) 2 + h t , where we extend h t to all t e M. by requiring h t = h 
(resp. hi) for t < (resp. > 1). To describe the relevant spectral flow, we introduce 
some terminology. 

Definition 2.6. A connection A on a spinor bundle W over Y is called reducible if 

the trace of its curvature ( or, equivalently, the curvature induced on its determinant 
line bundle) vanishes. 

On a rational homology sphere Y equipped with a Riemannian metric, each Spin c 
structure has a unique reducible connection (up to gauge). 

Proposition 2.7. Fix a Spin c structure a G Spin c (y). Let h t be an allowable path for 
some Heegaard decomposition of a rational homology sphere Y . Let A be a reducible 
over [0, 1] x S which extends to a reducible over Y for the Spin c structure a. Then, the 
Dirac operator coupled to A acting on L 2 (R x E) is Fredholm. If for each t e [0, 1], 
the theta divisor for h t misses the point corresponding to a, then for all sufficiently 
large fi, the Dirac operator for the metric (fidt) 2 + h t and reducible belonging to a 
has no L? kernel over K. x E. Moreover, let H be an allowable homotopy from h t , h' t 
over E. Then, there is some /i > such that for all sufficiently large //, ji' > fi , the 
spectral flow between the two induced Dirac operators onRxS coupled to reducible 
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connections obtained by restricting the reducibles in a G Spin c (F) is given by 

SF ({fidt) 2 + h t , {fi'dt) 2 + h' t ) 
= #{(D,u,t) E Sym^E) x [0,1] x [0, 1] \G HM (D) = p} , 

where p is the point in J(E) corresponding to the Spin c structure a. 

The above is a special case of the more general result (Proposition 5.3), which is 
proved in Section 5. 

Together, Propositions 2.4 and 2.7 show that 0h t ( a ) depends on the family of 
metrics and Spin c connection used on the cylinder only through the spectral flow 
of its Dirac operator. We call metric-dependent quantities which depend on the 
metric through only the spectral flow of its associated Dirac operator chambered 
metric invariants. We use 9, together with another invariant £° for handlebodies, to 
construct a chambered invariant for certain metrics on Y. Note that an allowable 
path h t and extensions k and k\ of the metrics ho and hi over U$ and Lq respectively 
can be spliced together naturally to form a metric (&o)#(/if)#(A:i) over Y. 

In Section 3, we construct a canonical chambered invariant £° for handlebodies of 
arbitrary genus, which is uniquely determined by an excision property, and a nor- 
malization condition which guarantees that £°(D 3 ) = for a non- negative sectional 
curvature metric on the three-disk (see Proposition 3.3 for a precise statement of the 
excision property). Strictly speaking, this function depends on the metric and a con- 
nection used on the spinor bundle over U, and an exact perturbation of a reducible 
connection over U. Thus, the expression £°(a|£/j, ki, a^), denotes the invariant evalu- 
ated on the metric ki and the Spin c connection obtained by restricting the reducible 
in a to Ui, and perturbing by a i: where is a one- form which is compactly supported 
in the interior of C/j. (This one-form is used to ensure that the kernel of the Dirac 
operator on the handlebody has no kernel, see Lemma 3.1.) 

Splitting properties of spectral flow, then, show that the quantity £°(a|£/o, ko, o,q) + 
9h t (a) + £°(a\Ui, ki, ai) depends on the metric (fco)#(^t)#(&i) an d the connections 
used only through the spectral flow of the associated Dirac operator, as described in 
the next proposition. To state the proposition properly, we must analyze the choices 
made in "splicing" metrics to obtain a metric on Y. 

Given metrics ko, k\ on the handlebodies Uq and Ui, and a path h t on E which 
interpolates between the metrics on E induced on the boundaries of U and Lq, we 
can splice to obtain a metric on Y. The spliced metric requires three additional 
parameters: a scale fi to be used on the path of metrics ht, and a pair of "neck- 
length" parameters which specify lengths of cylinders to be spliced before and after 
the middle neck. More precisely, the metric 



(Wt ((/id*) 2 + ht) # Tl (fci) 
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will denote the metric on Y which is obtained by inserting cylinders [0, T«] x E given 
the product metric dt 2 + hi for % — 0, 1 between the handlebodies Uq and U\ and the 
cylinder [0, 1] x E endowed with the metric (/irft) 2 + h t . 

Proposition 2.8. Fix a Spin c structure a G Spin c (F). Let h t be a generic (U , Un- 
allowable path. For a scale /i and necklength parameters T and T\, let fcy(//, T ,Ti) 
denote the metric on Y obtained by splicing 



Let A(fj,,To,Ti) denote the corresponding reducible connections. Then, for generic, 
compactly supported one- forms a , a\ in U and U\, the Dirac operator on Y for the 
metric ky(fJ-, To, T\) and connection A(fi,To,Ti) + ao + a\ has no kernel, provided 
that fi, T , and Ti are sufficiently large. Moreover, suppose that H is an allowable 
homotopy from h t to another allowable path h' t which interpolates between metrics k' 
and k[. Then, for generic compactly-supported one-forms a , a' and oi, a[ on Uq 
and Ui respectively we have that for all sufficiently large [i and necklength parameters 
T ,Ti the spectral flow of the Dirac operator T , Tx) for the metric k Y (fi,T ,Ti) 
and connection A(fj,, T , Ti) + a + ai to the Dirac operator fl' (fi, T ,Ti) for the metric 
k' Y (fi, T , Ti) and connection A'(fi, T^Tx) + a' + a[ is given by 



Proof. The vanishing of the kernel follows from the vanishing of the kernel over the 
three pieces: Uo, [0, 1] x E, and U\ respectively. Over the handlebodies the kernel 
vanishes for generic choices of a an d cti (this will be proved in Lemma 3.1). Over the 
cylinder, it vanishes for generic paths h t , according to Proposition 2.7. Moreover, the 
spectral flow statement follows from the splitting principle, the chambered property 
of £°, and the chambered property of 6, which in turn follows from Proposition 2.4 
together with Proposition 2.7. □ 

In the above proposition, the connection A = A(fi, To, 7\) + ao + a\ has no kernel 
for generic a and a±. Thus, if we consider a four-manifold X, equipped with a 
cylindrical-end metric gx and Spin c structure r which bounds ky and o respectively, 
we can find a Spin c connection A which dt+A in a collar neighborhood of its boundary. 
According to [2], the Dirac operator coupled to A acting on L 2 (X) (given a cylindrical 
end Y x [0, oo), and endowed with the natural extension of A) is a Fredholm operator, 
and indeed the quantity 



^o#r ((fidt) 2 + h t ) 4tM- 



SF(P^,To,T 1 ),p , ^,T ,T 1 )) 
= (C(a\U , k' , a' ) + 6 K {a) + f (a^, k[, a[)) 
- (C(a\U , fc , a ) + ^(a) + C(*\Ui, h, a,)) . 



(1) 
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where mdx(P) denotes the complex index of the Dirac operator, and ci(A), of course, 
denotes the Chern-Weil representative of the first Chern class. 

According to the above proposition, if we take the difference between £°(a|i7o, k , a Q ) + 
0h t {o) + £°(a\Ui, k±, a±) and ^ y (a, A), we get a quantity which is independent of the 
extending metrics ko, k\ and the path h t . In fact, we get something which is inde- 
pendent of the Heegaard decomposition as well, and hence a topological invariant of 
Y. 

Theorem 2.9. Let ht be a (Uq, Ui)- allowable path, and the ky be the metric formed 
from ko, h t , and k\, where k{ G Met(C/j) are metrics which bound ho and hi respec- 
tively. Then, for generic a and a l7 the quantity 

9(a) = r(o|C/ , ko, a ) + 9 ht (a) + f (a|C/i, h, a t ) - £ ky (a, A) 

(where A = A(/i,To,Ti) and ky = ky(jj,,To,T\) for sufficiently large \i, T , and T±) 
is a topological invariant ofY. 

The independence of 6 of the Heegaard decomposition relies on the corresponding 
result for 9, which was established in [18]. To state the result, use a connected sum for 
paths of metrics. For a fixed metric on the torus S 1 x S 1 , a metric h over E (which is 
flat in a neighborhood of the connected sum point p e E), and a real number T > 0, 
let h(T) denote the metric on E' = E#(S' 1 x S* 1 ) obtained by a connected sum with 
neck-length T. Similarly, for a one-parameter family h t over E, we let h t (T) denote 
the one-parameter family of metrics on E' obtained in this manner. Then, we have 
the following: 

Proposition 2.10. Let Uo#t,Ui be a Heegaard decomposition ofY, and let Uq^t,'U[ 
be the "stabilized" Heegaard decomposition; i.e. Uq = Uoi^^S 1 x D), E' = E#(S' 1 x 
S* 1 ), U[ = Ui#(D x S* 1 ). For a path of metrics on h t and a neck-length T , let h t (T) 
denote the path of metrics on E' obtained by forming the connected sum of metrics. 
Given a generic (Uo,Ui)-allowable path h t , for all sufficiently large T, h t (T) is a 
generic {U^U 1 ^- allow able path, and the moduli spaces are diffeomorphic. Thus, 

9h(T)(a) = Oh t (T)(a). 

Proof. The allowability of h t (T) and diffeomorphism statement for 9 were proved 
in Proposition 4.5 of [18]; note that the hypothesis that b±(Y) > was not used in 
the proof of this fact. One can arrange for ht and h t (T) to be generic simultaneously 
by varying the family h t in a region U C E which does not contain the connected 
sum point. This statement is proved in Proposition 4.1. □ 

The proof of Theorem 2.9 is not difficult, given the excisive properties of spectral 
flow, and the above proposition. However, spelling out the precise form of excision 
needed involves some notation which we give in the Section 3, so we defer the proof 
to the end of that section. 
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3. Chambered metric invariants over Handlebodies 

Let Y be a closed, oriented three-manifold equipped with a Spin c structure a with 
spinor bundle W whose first Chern class is torsion. Consider the space C(Y) of pairs 
(ky, A), where ky is a metric over Y, and A is a connection over W (modulo gauge). 
This space is homotopy equivalent to the torus T bl ^ Y \ A function 

/: C{Y) - {(M)|Ker# (M) * 0} — R 
is said to be a chambered metric invariant if 

f(k' Y , A') - f(k Y ,A) = SF(P (kYA) ,p {k , YAI) ), 

where SF((/cy, A), (k' Y , A')) denotes the spectral flow of the Spin c Dirac operator 
along any path in C(Y) which connects the pairs (ky,A) and (k' Y ,A'); i.e. it is 
the intersection number of the spectrum of the Spin c Dirac operator with the zero 
eigenvalue. Note that, since we have assumed that C\(W) is torsion, the Atiyah-Singer 
index theorem guarantees that the spectral flow is independent of the path. 

Note that a chambered invariant is uniquely determined by its value on any one pair 
(ky,A) over Y. The quintessential chambered invariant is the invariant C,k Y defined 
by Equation (1). Our goal in this section is to construct a chambered metric invariant 
for handlebodies. When working with manifolds-with-boundary, special care must 
be taken to ensure that the spectral flow used in the above definition makes sense. 

Let U be a handlebody which bounds E, and fix an identification dU = E. Let 
h be a metric on E. A metric k is said to bound h if there is a neighborhood of dU 
which is isometric to (—1,0] x E given the product metric 

(dtf + h. 

Note that a metric k which bounds a metric on E can be naturally extended to a 
cylindrical-end metric on the handlebody 

U + = U U s Q0,oo) x E) . 

A metric k is said to be product-like near its boundary if it bounds some metric h on 
its boundary. The relevant properties of the Dirac operator coupled to such a metric 
are summarized in the following: 

Lemma 3.1. Let k be a metric on U which bounds a U -allowable metric. Then for 
all connections A on the spinor bundle of the form A = A + a, where A is reducible 
and a is compactly supported, the associated Dirac operator is Fredholm. Moreover, 
for generic such A, the associated Dirac operator has no kernel. 

Proof. The connection A naturally induces a connection on the spinor bundle of 
the boundary. More precisely, under the splitting 

W\dU = S + ®S- 
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into the ±l-eigenspaces of Clifford multiplication by % times the volume form of 
E = dll, the connection A naturally induces a connection B on S + . If TrF^ is 
compactly supported in U, then the induced connection B has normalized curvature 
form. 

The Dirac operator in a neighborhood of dU takes the form 

According to Proposition 1.1 of [2], this operator is Fredholm if the kernels of Ob 
and d B are trivial. Now, if A is reducible, or even if it differs from a reducible by 
a compactly supported one-form, then B G L(U). Thus, the Fredholm condition is 
guaranteed if k is [/-allowable. 

The genericity statement is an application of the Sard-Smale theorem (see [19]). 
Let 

k bounds a [/-allowable metric 
TrF A = 

a e nl(ffl) 



C°(U) = {(k,A + a 

and 



Wl= {(k, A, v&) \(k,A + a) G C°(U),fl k ^ = 0, \\^\\ = 1}/Map(£7, S 1 ). 

With in Sobolev completions, 971 is a Banach manifold which is transversally cut out 
from 

C°(U) x {*| ||*|| = 1}/Map(f/, 1 S 1 ) 

by the Dirac equation: i.e. if were in its cokernel at (k,A,^), then by varying 
the spinor component, we would see that is Jp, k ^-harmonic. By varying the 
connection (indeed, in any open set), we see that <fi must vanish identically (by the 
unique continuation principle). It is easy to see that the projection map from DJl to 
C°(C/)/Map(C/, S* 1 ) which forgets the spinor is Fredholm of index — 1. It follows then 
from the Sard-Smale theorem that for generic (k, A) G C°(U), there are no harmonic 
spinors. □ 

The above lemma gives a space C°{U) of pairs (k, A) for which the associated Dirac 
operator is a self-adjoint, Fredholm operator. Thus, as in [4], the spectral flow along 
any path in C°(U) is well-defined. Indeed, since the Spin c structure on a handlebody 
comes from a spin structure, and C°(U) retracts back to the space of flat connections 
modulo gauge, the spectral flow of the Dirac operator between any two pairs in C°(U) 
is well-defined and independent of the path joining them. (It is proved in Lemma 8.9 
of [18] that the spectral flow around any loop in the space of flat connections over 
the handlebody is trivial.) Thus, a function 

/: C°(U) - {(fc, A)|Ker# (M) ^ 0} — > R 
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is said to be a chambered invariant if 

f(k>,A')-f(k,A) = 8F(p kfA ,p k , tA ,). 

The goal of this section is to define one canonical chambered invariant £° for han- 
dlebodies of arbitrary genus, as we describe shortly. We then spell out the properties 
of this invariant. These results rely on a splitting theorem for spectral flow for man- 
ifolds with boundary, which in turn holds because we have a strong non- degeneracy 
condition along corners and boundaries: in the form which we require, the splitting 
principle can be seen to be a straightforward consequence of the Fredholm theory 
developed by Miiller [17]. After proving the various properties of £°, we use them to 
establish the stabilization invariance of the normalized invariant 9, see Theorem 2.9. 

To state the defining properties for £°, we must describe how to (metrically) per- 
form surgeries on a handlebody. (Figure 1 gives a schematic illustration of this 
operation in the case where the handlebody has genus two.) Let U be a handlebody. 
Fix a collection of disjoint, embedded disks {D±, ...,D n } C U (whose boundaries are 
embedded in the boundary of dU). A metric k on U which is product-like in a neigh- 
borhood of its boundary is said to be product-like in a neighborhood of the disks if 
there is an isometry from the metric product 

n 

]jAx[-i,i]cc/, 

which identifies the central slice Di x {0} with the i th disk, and where the disks Di 
are endowed with a non-negative scalar curvature metric which is product-like near 
its boundary. For positive real numbers 7\, ...,T n , let k(Ti, ...,T n ) denote the metric 
stretched out normal to the disks: it is the metric obtained by replacing the cylinder 
Di x [—1, 1] with the elongated cylinder Di x [— Tj,Tj]. Moreover, we say that the 
connection A is product-like in a neighborhood of the disks {Di, D n } if the trace 
of its curvature vanishes in the product neighborhood and it is supported away from 
dU. In this case, the connection has a canonical extension A(T ± , ...,T n ) over the 
stretched out handlebody. 

Given a genus g handlebody U 9 , one can find g embedded disks {D 1 , D g }, whose 
complement in U 9 is homeomorphic to a three-dimensional ball. Such a collection 
{Di, ...,D g } is called a complete set of attaching disks for U 9 . Note that if a metric 
k bounds a metric h on its boundary, and is product-like in a neighborhood of a 
complete set of attaching disks, then for all sufficiently large Ti,...,T s , the metric 
k(Ti, ■■■,Tg) is {/^-allowable in a neighborhood of its boundary. (Indeed, much of this 
section is modeled on the corresponding results for [/-allowable metrics in Section 2 
of [18].) 

The complement V of the attaching disks in U 9 is, strictly speaking, a manifold- 
with-corners. We smooth out the corners to get a smooth genus zero handlebody as 
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Figure 1 . Surgeries on a genus 2 handlebody 



follows. Let B + be the three-dimensional manifold-with-corners which is diffeomor- 
phic to half of the three-dimensional ball (i.e. B + = {(x,y,z) E M 3 1 x 2 + y 2 + z 2 < 
l,z> 0). This manifold has two boundary components d B + , d\B + , both of which 
are two-dimensional disks, which meet normally along their equator. The manifold 
obtained by attaching 2g copies of B + to V along its 2g faces is a smooth, genus zero 
handlebody. 

If k is a metric on U 9 which is product-like in a neighborhood of the g attaching 
disks, the genus zero handlebody inherits a metric which depends on g parameters, 
denoted fc (Ti, ...,T 9 ). This metric depends also on a choice of a metric k£ on B + of 
non-negative sectional curvature, which in a neighborhood of both of its boundaries 
is isometric to D x [0,e). We construct such a metric in Lemma 3.2. Given this 
result, we let fco(2~i, ■■■,T g ) denote the metric obtained by removing (—1, 1) x D i (for 
i — 1, ...,<?) from U g , attaching solid cylinders [0, Tj] x D along the 2g new boundary 
components, and then capping off with 2g copies of B + , endowed with the metric 
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k£. Formally, k (T , ...,T g ) is the metric inherited from the description: 

g 

(u 9 - |J[-1, 1] x A) U {±1}xA={0} xd ( [0,T t ] x D) U {Ti}xD=9lB±i (S ±i ), 
i=i 

where B ±i are 2g copies of B + . Note that k (Ti, ...,T 3 ) is a metric on the genus zero 
handlebody (i.e. a three-ball), which is product-like near its boundary. 

Moreover, if we have a Spin c connection A on U 9 which is product-like in a neigh- 
borhood of the disks, then it has a natural extension to the surgered manifold, ob- 
tained by extending it over the three-balls B + to have traceless curvature. We denote 
the resulting connection by A (T 1 , ...,T g ). Before stating the definition of £°, we pause 
to construct the metric k$ on the three-dimensional half-ball used in the above con- 
struction. 

Lemma 3.2. There is a metric k$ on B + with everywhere non-negative sectional 
curvatures, which is product-like in a neighborhood of its boundaries, and whose 
boundary is a union of two copies of D, meeting at a corner. 

Proof. Fix some constant < e < |, and fix a smooth, non- decreasing function 

V>: [0,1] — [0,1] 

with 

Then, the hypersurface 

4 

S 3 = {(x u x 2 ,x 3 ,Xi) e M 4 | J2^) 2 = !} 

i=l 

inherits a metric from IR 4 . The region where £3 > and £4 > is diffeomorphic to half 
of the three-ball (its two boundaries, are the loci where x 3 and rr 4 vanish respectively). 
Since the function ip is constant for small values, the metric is easily seen to respect 
the corners. Moreover, the metric is easily seen to have all non-negative sectional 
curvatures (see for example [8]), as the hypersurface is locally described as a graph 
of a/1 — tp(xi) 2 — ip(x2) 2 — ip(xs) 2 (after possibly renumbering the four variables), 
which is clearly a convex function. □ 

By doubling the metric k^ above, we obtain a cylindrical-end metric on the three- 
ball D 3 with non-negative scalar curvature (note that this can be connected to any 
"standard" cylindrical-end metric on the three-disk through metrics of non-negative 
scalar curvature). 

Proposition 3.3. There is a unique chambered invariant £° with the following prop- 
erties: 
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1. If g = 0, and we endow U with the metric obtained by doubling k£ (and a 
connection with traceless curvature) , then £°(U) = 0. 

2. If g = 1 and we endow U with a product metric of the form S 1 x D (and a 
connection with traceless curvature), then £°(U) = 0. 

3. If (k,A) is product-like in a neighborhood of g attaching disks, then 

C(k(T),A(T))=C(k(T'),A(T')), 

for all sufficiently large T,T'. 

4. If (k,A) is product-like in a neighborhood of g attaching disks, then 

(2) C(HT),A(T)) = C(ko(T),A (T)) 

for all sufficiently large T. 

This invariant is additive for boundary connected sum, in the following sense. Let 
U 91 and U 92 be a pair of handlebodies, and fix points p\ and P2 in dU 91 and dU 92 
respectively. Fix metrics k\ and k 2 for which a neighborhood of the p\ and P2, are 
isometric to the standard piece B + — d\B + . Then, we can form the "boundary 
connected sum" 

U 91 # T U 92 = (U 91 - B + ) U ([— T, T] x D) U (U 92 - B + ) . 

This is a genus g\ + g 2 handlebody, endowed with a metric, denoted /ci#t^2 5 which 
bounds the connected sum metric (dU 91 ) # T (dU 91 ). Moreover, if Ax and A 2 are con- 
nections whose curvature is traceless over the standard pieces, then the connections 
can be naturally extended, as well. 

Proposition 3.4. The invariant £° is additive under boundary connected sum, in 
the sense that for pairs (ki,Ai) and (k2,A 2 ) on U 91 and U 92 , there is a T > ; so 
that for all T > T , 

AJjfrfa, A 2 )) = A 1 )# T (A; + , A + )) + C((k 2 , A 2 )#t(K, A+)), 

where (fcjj", ) ^ s a P a ^ r over B + where k$ is as in Lemma 3.2, and Aq has traceless 
curvature. 

This invariant is compatible with the correction term £ for S* 3 with its genus zero 
or one Heegaard decompositions, in the following sense: 

Proposition 3.5. Let S 3 = U Us U\ be a standard genus zero or one Heegaard 
decomposition of S 3 . Let h t be a path of metrics on the Heegaard surface ( sphere or 
two-torus) S 7 and let ko, k\ be metrics over the genus zero or one handlebodies Uq 
and U\ which extend ho and h\ respectively. Then, 



t((ko)#(ht)#(h)) = e(k )+e(h). 
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The construction of £°, and the proof of its various properties, rests a splitting 
(or excision) principle for spectral flow, which we will presently outline. This ex- 
cision principle involves degenerating the handlebodies normal to embedded disks, 
and the objects one encounters under such degenerations are manifolds- with-corners. 
Formally, we have the following: 

Definition 3.6. A truncated handlebody V is a smooth three-manifold with corners 
which is homeomorphic to a handlebody, and whose codimension one boundary con- 
sists of a surf ace- with-boundary F, the bounding surface, and a collection of disjoint 
disks {D 1 , D n }, the faces. The bounding surface F meets the faces normally along 
the boundary. 

Examples of truncated handlebodies include the product D x [0,1], the half-ball 
B + , and the complement of a collection of embedded disks in the genus g handlebody. 

It is useful to describe the product structure near the boundaries of a truncated 
handlebody V in detail. To cover the faces, we have a diffeomorphism 

n 

$: |JA x (-1,0] C V 
i=i 

onto a neighborhood of this boundary region for V. In turn, a neighborhood of the 
boundary of the union of disks admits an identification 

n n 

0: U(-l, ]x^^|jA. 

i=\ i=i 

The remaining boundary region for V is a surface F of genus zero with n boundary 
circles, and we have a diffeomorphism 

$:Fx (-1,0] C V. 

onto this boundary region. A neighborhood fo the boundary of F admits an identi- 
fication 

n 

V: U#x(-1,0]— >F. 

i=i 

We can require that all these identifications be compatible, in the sense that the 
following maps commute: 

ur=i(-i,o] x si x (-1,0] - ur=i a x (-1,0] 

(-1,0] xF — !— ► V 

A metric ji is said to be product-like in a neighborhood of its boundaries if the 
above identifications $, ^, 0, ip are all isometries, where the domains of the maps are 
all given product metrics (and their ranges are given metrics induced from //). 
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A truncated handlebody V can be naturally completed to a three-manifold V + 
without boundary by attaching [0, oo) x F along the bounding surface, solid cylinders 
Di x [0, oo) along the faces, and a region [0, oo) x S] x [0, oo) along the corners {S}}. 
If a metric /i is product-like in a neighborhood of its boundaries, it can be naturally 
extended to a complete metric, by giving all these standard pieces product metrics 
in a compatible manner. In particular, this compatibility ensures that in the region 

([0, oo) x F) U ([0, oo) x Si x [0, oo)) , 

the metric fi + is isometric to a product of [0, oo) with the cylindrical completion of 
the bounding surface 

F + = F aF=U5 i|J^x[0,oo) 

As always, we will consider the Dirac operator with respect to such a metric, 
coupled to a Spin c connection A with traceless curvature. Note that the connection 
A can be naturally extended to a connection A + on V + in such a manner that the 
curvature remains traceless. 

Definition 3.7. The pair (/j,, A) is said to be strongly non-degenerate on the bound- 
ary if the restriction (//, A) to the bounding surface F has trivial kernel with APS 
boundary conditions or, equivalently, if the induced Dirac operator induced on any of 
the attached slices F + C V + has trivial L 2 kernel. 

Note that there is another product region "at infinity" , the region 

D + x [0, oo) = (A x [0, oo)) U ([0, oo) x S] x [0, oo)) . 

The induced Dirac operator on these attached slices D + automatically has trivial 
L? kernel, since its kernel is naturally identified with the harmonic spinors on the 
two-sphere (see Proposition 3.1 of [18]). 

In [17], Miiller considers Dirac operators on manifolds- with-corners, which satisfy 
a certain non- degeneracy hypothesis along its corners (see also [15]). Specializing 
some of his results to the case of truncated handlebodies, we obtain a Fredholm and 
exponential decay result. To spell out the exponential decay result, let Vr C V + 
denote the subset obtained by attaching subsets F x [0,T], [0,T] x S} x [0,T], and 
Ax[0,T]to 7. 

Proposition 3.8. Let V be a truncated handlebody. Suppose that (//, A) is strongly 
non- degenerate on the boundary. Then, the Dirac operator coupled to A + induces 
a Fredholm operator on L 2 (V + ). In particular, there is a real number e > with 
the property that the spectrum of the Dirac operator in the range (— e, e) is discrete. 
Moreover, eigenvectors in this range enjoy an exponential decay property: there are 
constants C, c > with the property that for each \-eigenvector $ of IZ> A + for A G 

(- e > e ); 

/ |$| 2 < Ce- cT [ |$| 2 . 
Jv+-v T Jv+ 
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Proof. Both statements are proved in [17]: the Fredholm paramatrix is constructed 
in the proof of Proposition 2.8, and the exponential decay estimate is Proposion 2.19 
of that reference. □ 

Given the Fredholm paramatrix and exponential decay, the usual splicing tech- 
niques give a splitting principle for spectral flow. Suppose that V, V be a pair 
of truncated handlebodies, and let {Di, ...,D n }, {D[, ...,D' n } be a collection of (not 
necessarily all) faces in V and V respectively. Then, we can form a new truncated 
handlebody 

VW = (V) U Di=DiX{ - T} (jj A x [-T,I]J U Ax{T}=D ; (V) . 

If (yU, A) and (//, A') is are strongly non-degenerate pairs on V and V, discrete 
spectrum and exponential decay considerations on the boundaries show that for all 
T sufficiently large, the induced pair (fi, A)#t{h' , A') is strongly non-degenerate on 
V#tV. Indeed, we have the following direct consequence of Proposition 3.8: 

Proposition 3.9. Let (fi t , A t ) and (fi' t , A' t ) be a pair of one-parameter families of 
strongly non-degenerate data on V and V , then for all sufficiently long tube-lengths, 
the spectral flow ofV#V is the sum of the spectral flows of the pieces. More precisely, 
if the kernels of the Dirac operators of fl {floAo) , V>{^, Al ), V>(h' ,a' ), P^a',) are al1 
trivial, then there is a real T so that for all T > T , the kernels of JP^ 0: a )# t (h' ,a' ) 
and -^(^^Ai)^^,^) are trivial, and indeed 

SF((^, AJjhOA, A 't)) = SF(/i t , At) + SF(/4, A' t ). 

Having set up the splitting principle for spectral flow, we turn our attention to the 
existence and uniqueness for £°: 

Proof of Proposition 3.3. Suppose g — 0. Let k be a metric obtained by doubling 
k q. Let Aq be the connection on the corresponding spinor bundle with traceless 
curvature. Given any pair p = (k,A) G C°(U), define 

e°(p) = sF(pj,p), 

where pQ consists of the metric ko and the reducible connection A . This is by 
definition a chambered invariant. Hence we have existence and uniqueness when 
9 = 0. 

Suppose now that g > 0, and let p = (k,A) G C°(U) be a pair which is product- 
like in a neighborhood of g attaching disks {D\, D g }. First, we show that for 
all sufficiently large T the right hand side of Equation (2) stabilizes. Let V denote 
the truncated handlebody obtained by removing the product neighborhoods of the 
attaching disks from U 9 . For generic p, the kernel of the Dirac operator on V has 
no kernel (this follows from the Fredholm property from Proposition 3.8, together 
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with the proof of Lemma 3.1), so, by the splitting principle for the zero-modes, there 
is a T so that for all T > T , the right hand side of Equation (2) for £°(p) does 
not depend on T. So we let Equation (2) be the definition of £°(/c(T), A{T)). Using 
spectral flow, this specifies £° for any pair (k, A) e C°(U). We have to show that £° 
is independent of the choice of product-like metric we started with, and, indeed, the 
choice of attaching disks. 

To this end, let p = (k, A) and p' = (k', A') be product-like in a neighborhood of 
the same g attaching disks. Then by the splitting principle for spectral flow, for all 
sufficiently large T 

SF(p(T),p'(T)) = SF(p (T),p' (T)). 

It follows that £° is independent of the choice of initial p. 

Next, we verify that the definition of £° is independent of the particular choice of 
attaching disks when g > 0. Suppose that p G C°(U) is product-like normal to g + 1 
disks D[, Di, D 2 , D g , so that {Di, D g } and {D[, D 2 , ...D g } are both complete 
sets of attaching disks. We would like to show that the value of £° obtained by 
surgering out the first set is the same as that obtained by surgering out the second 
set. To see this, we prove that the invariant agrees with a quantity obtained by 
surgering out all g + 1 disks simultaneously. More precisely, let p (T',T) denote 
the pair on the genus zero handlebody obtained by inserting a cylinder [— T", T] x D 
about D[ and surgering out the {Di, D g }, and let p 0t0 (T',T) denote the metric 
obtained by surgering all g + 1 disks (using tubelength T' around D[ and T around 
all the others). Note that the pair pofi(T',T) lives on a union of two disjoint genus 
zero handlebodies. (See Figure 2 for an illustration.) 




FIGURE 2. A genus 2 handlebody U with two complete sets of at- 
taching disks {Di,D 2 } and {Z^,/^}- The manifold Uq obtained by 
surgering along the first set of attaching disks is a three-ball, and the 
manifold Uo,o obtained by surgering along all the attaching disks is a 
disjoint union of two three-balls. 
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By the splitting principle, the Dirac operator is generically invertible for all suffi- 
ciently long tubelengths (along all g + 1 disks) in both U and the doubly-surgered 
Uqjq. Thus, the quantity 

Q = SF(p, p(T', T)) + SF( Po ,o(T / , T), p + ]J p + ) 

is independent of the particular T',T, provided that both are larger than some con- 
stant To. Our aim is to show that Q, in which both sets of attaching disks play the 
same role, agrees with £° calculated using the disks {D ± , D g }. We compare Q with 

P = SF(p,p(l,T)) + SF(p (l,T), Po + ), 

the quantity obtained by calculating £° using the disks {Di, ...,D g }. Now 

P-Q = $F(p(T',T),p(l,T)) + $F(p (l,T),p+) + $F(p+]Jp+,p 0fi (T',T)). 

But 

SF( Po ,o(T / , T), p+ ]J p+) = SF(p (T', T), p + ), 

since taking T to be sufficiently large, both terms can be identified with the spectral 
flow from the complement of D[ in p (l,T) to the disjoint union of two half-balls 
B + \\ B + (endowed with the metric k and connections with traceless curvature). 
Substituting back, we see that P = Q. Since we can switch the roles of Di and D[ 
(without changing Q), we have shown that £° is independent of the attaching disks. 

Note that ^(S 1 x D) is independent of the length of the S l factor, since the spectral 
flow between two such metrics vanishes. So, by definition ^(S 1 x D) agrees with the 
^° for the metric on D 3 obtained by surgering out the attaching disk. This metric is 
precisely fcj U [-T, T] x D U k£ - so £° of it vanishes. □ 

Proof of Proposition 3.4. The proof follows in the same manner as the proof that 
£° is independent of the attaching disks. Consider the attaching disks for U 91 and 
U 92 , and the disk used for the boundary connected sum. Then pull out all g± + g-i + 1 
disks simultaneously. □ 

Proof of Proposition 3.5. By the splitting theorem for spectral flow on the closed 
manifold S 3 , we can reduce the proposition to a model case. Suppose that k , h t , 
and ki are metrics on U , E, and U\ for which the proposition is known, and let k' , 
h' t , and k[ denote arbitrary (compatible) metrics on U , £ x [0, 1], and U\. Then, 

Z ((KMKMK)) -e((*b)#(fc*)#(*i)) = SF((* b )#(fc t )#(*i),(*&)#(/4)#(*i)) 

= SF(A; , k' ) + SF(h t , h' t ) + SF(k ± , k[). 

Note now that for i — 0,1, SF (fcj, fcQ = ~ Moreover, it follows from 

Proposition 2.7 that SF(h t , h' t ) = 0. Thus, the proposition is established once it is 
established for a model triple of metrics. 
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We consider the case where g — 1. Let ko and k\ be a pair of metrics the of the form 
D x S 1 , where the disk is endowed with a non-negative scalar curvature metric, and 
the S 1 factor has the same length as the boundary of D; let h t denote the constant 
family of metrics. We know that £°(k ) = £°(ki) = 0, and need to show that for all 
sufficiently large T, £(A; #t^i) = 0. 

We connect the standard, round metric on S 3 (for which it is easy to see that £ = 0, 
since it bounds a metric on the four-ball with non-negative sectional curvatures) with 
a metric of the form /co#t^i through a path of metrics with non-negative scalar 
curvature, to show that the correction terms £ agree. To this end, let 



be a smooth, one-parameter family of smooth functions, depending smoothly on a 
parameter s G [0, 1], with following properties: 

(1) i) s {t) = t for * < 1 - s, 

(2) ^ s (t) = for t > 1 - s + e, 

(3) §- t ^ s {t) > for all t, 

(4) < for all t. 

For example, if/: K. — > [0, 1] is a smooth, non-increasing, non-negative function with 
f(t) = 1 for t < 0, f(t) = for t > e, then we can let — / * /(^ + s — l)dx. 

Let {r,Q,4>) denote coordinates on (0,1) x S* 1 x S 1 . The standard three-sphere 
can be obtained from this space by attaching two circles x x S 1 and 1 x S 1 x 
"at infinity" (i.e. at r = and r = 1). Moreover, for all s < 1, the metric on 
(0, 1) x S 1 x S 1 given by 



extends over the two circles at r = 0, r = 1 to give a smooth metric on S* 3 , since 
in a neighborhood of those regions, vp s (r) = r and <fi s (y/l — r 2 ) = Vl — r 2 . Note 
that when s = 0, the above metric agrees with the standard round metric on S* 3 . By 
Cartan's method of moving frames (see [20]), it is easy to see that the connection 
matrix of the Levi-Civita connection is given by: 



[o,i] -[o,i] 



dr 2 



9s = 



1 — r 



VT^ip'si^de -r^' s (VT Zr ^)d(j) 











and hence the curvature matrix is: 




where A s (r) 



_ ip' s (r)r 



^(r)VT^T 2 and B s (r) 
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Thus, the sectional curvatures are always non-negative. 

When s > |, then g s extends to a decomposition of S* 3 as a union of S 1 x D with 
D x S 1 endowed with the product metric. In particular, the metric is product-like in 
the region where r is in a neighborhood of |. 

Thus, the proposition follows. □ 

Proof of Theorem 2.9. In view of Proposition 2.8, the invariant 9(a) can de- 
pend only on the Heegaard decomposition, not on the metrics used in its definition. 
Topological invariance then amounts to showing that 9(a) remains unchanged under 
stabilization. But this is a consequence of the excision property of indices, together 
with the stabilization of 9(a) (see Proposition 2.10). 
Suppose Uo Us U\ is a Heegaard decomposition and 

(E/o# {S 1 x D)) U E#(5 i x5 i) (fA# (p x S 1 )) 

is its stabilization, then the difference A between the corresponding invariants 9 
(which we would like to show vanishes) is given by: 

A = C (C/ #t (S 1 xD))+9 (ht# T (S 1 x S 1 )) + C (C/!# T (D x S 1 )) 
((^o#t (S 1 x D)) # (/i t # T (S 1 x S 1 )) # (^# T (-D x S 1 ))) 
-C (U # T B) - 9 (htih {S 2 )) - C (U^tB) 

(3) H {(U #tB) # {h t # T (S 2 )) # (U^ T (B))) . 

Note that on S#(S' 1 x S* 1 ) we are using an allowable path induced from an allowable 
path on E, as in Proposition 2.10; also on the handlebodies, we are using the metric 
arising from the boundary connected sum. The difference in the terms using £ is 
a spectral flow (by its chambered nature); moreover by the excision principle for 
spectral flow, we get: 

£ ((Uo#t {S 1 x £>)) # (htih {S 1 x S 1 )) # (U,4t (D x S 1 ))) 

-i ((U # T B) # (htih (&)) # (tf!#r (5))) 

= £ ((B#r (S 1 x £>)) # (S 2 # T (S 1 x S 1 )) # (D x S 1 ))) 

# (S 2 #t (S 2 )) # (5# T (B))) 

(4) = £ ((B#r (S 1 x £>)) # (S 2 # T (S 1 x S 1 )) # (fi# T (D x S 1 ))) 

i.e. we have excised out Y and replaced it by a three-sphere (and used the positivity 
of the scalar curvature on the second term). Now, the compatibility of £° and £ 
(Proposition 3.5) allows us to conclude that 

£ ((B#r (S 1 x £>)) # (S 2 # T (S 1 x S 1 )) # (B# T (-D x S 1 ))) 

(5) = r(5#r(^ x D)) + ?(Bih(D x S 1 )). 
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Combining Equations (3), (4), and (5) (and using the additivity of £°, see Proposi- 
tion 3.4), we get that 

A = 0(h t #{S 1 xS 1 ))-9{h t #(S 2 )). 

By the stabilization invariance of 6 (see Proposition 2.10), this implies that A = 0, 
as required. □ 
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4. Transversality of the Theta Divisor 

The aim of this section is to prove a "generic metrics" result for the Abel-Jacobi 
map. Indeed, we show that for a fixed divisor D e Sym 9_1 (E), the map from the 
space of metrics to the Jacobian 

h I— > Qh(D) 

is a submersion onto the Jacobian, provided that the genus g of the Riemann surface 
is greater than one. Strictly speaking, to view this as a map into one, fixed space, 
we fix a spin structure over E, and hence an identification Jh = S* 1 ). 

This technical result was used in our definition of 9: it guarantees that the moduli 
space whose count defines 9 does consist of isolated points. (It was also used in 
Section 8 of [18], in the derivation of a "wall-crossing" formula.) 

Proposition 4.1. Let E be a surface of genus greater than one. Then, for each 
divisor D e Sym 9_1 (E) 7 the map 

Met(E) — ► H^^S 1 ) 

given by h i— > Qh(D) is a submersion. Indeed, restricting to the subset of metrics 
which are fixed outside some open subset U C S ; we still get a submersion. 

The proof relies on the following elementary fact: 

Lemma 4.2. Given a pair of non-zero vectors v,w e R 2 , and a complex structure 
jo on R 2 7 i.e. an endomorphism o/R 2 with jl = —1, there is a one-parameter family 

j t v = w. 



jt of complex structures with 



t=o 



Proof. We can introduce coordinates on R 2 with respect to which j takes the 

form jo — ^ ^ q ^ . For any real numbers a, b, let X — | ^ ^ 5° ^ ' Clearly, 

j t (a, 6) = e tx joe~ tx gives a one-parameter family of complex structures whose differ- 
ential at t — acts by 

—a 6 
6 a 

The lemma follows. □ 



Proof of Proposition 4.1. Suppose ho is some fixed metric, for which $ is an 
Ao-holomorphic section which represents D. Then Qh(D) is defined as follows. Let 
a ' 1 G fi^' 1 be a form for which 

<9 Ao+a o,i$ = 0. 

Note that a ' 1 depends on the metric h. Then, Qh(D) = Qh (D) + [n Wh Ima 0,1 ], where 
II^ h denotes the L 2 projection map to the space of harmonic one-forms Hh for the 
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metric h. Now if the metric h differs from ho only in a region U C E where $ 7^ 0, 
then a ' 1 can be written as follows: 

(f +iJ h )V A() $ 



,0,1 



Here, is (pull-back by) the almost-complex structure induced from the metric; i.e. 
it is the Hodge star operator on one-forms. 

So, if h t is a one-parameter family of metrics through t — (where $ is Aq- 
holomorphic), then the derivative of the theta map is given by 



d_ 

dtt=o 



n « ht Im 



'l + iJ h )V Ao $ 



dht 



H^J'(0)Re^ ! ' !) 



Now, b = Re ^ ^° j is a differential one-form which cannot vanish identically: if it 

did, that would mean that $ is Ao-parallel, since $ is Ao-holomorphic. But there are 
no non-zero, parallel sections of a bundle of degree g — 1, unless g — 1 (which is ruled 
out by the hypothesis). 

Even if we choose J ; (0) to be supported in the region where b 7^ 0, we would get a 
submersion. If this were not the case, we would be able to find an /i -harmonic one- 
form uj which was orthogonal to the image of that derivative; i.e. for all variations 
J' of the metric, we have that 

(U Hho J'ob,co) = (J'ob,cu) = 0. 

But if b,u are forms, then one can always find a one-parameter family of almost- 
complex structures J t whose derivative at zero sends b to a non-negative multiple of 
w, in view of Lemma 4.2 □ 
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5. The Dirac operator on the Cylinder 



Let {h t }te[o,i] be a path of metrics on a compact, oriented two-manifold X of genus 
g which are stationary for all t < e and t > 1 — e. Let B t G Jh t be a family of Spin c 
connections which are stationary for t < e and t > 1 — e as well. Then, these data 
naturally induce a metric on [0, 1] x X, together with a connection A on the spinor 
bundle. We introduce a one-parameter family of metrics on [0, 1] x X, which is to 
be thought of as "stretching" the M-factor. Specifically, the metric tensor is given by 



map (t, a) \— > (fit, a). 

Since the paths {h t } and {B t } are t-independent near the ends, they admit natural 
extensions to R x E. 

Our aim is to prove the following: 

Proposition 5.1. Let ({/it}jg[o,i], B t ) be a path of metrics and connections, with B t e 
Jh t - Suppose moreover that for all t e [0, 1], the connection B t misses the h t theta 
divisor. Then, there is some scale fio, so that for all ji > fio, the Dirac operator on 
IxE given the metric k c ^ 1 has trivial L 2 kernel. 

The proposition rests on a "near-Weitzenbock" decomposition for the square of the 
Dirac operator. 

Let W be a spinor bundle over the cylinder (for any of the metrics h t ). Clearly, 
the restriction of W to any t-slice is a Clifford bundle over X with the metric h t . This 
allows us to think of the family of Dirac operators on X indexed by t (associated to 
the metric h t , and connection B t ) as a single operator 



over RxE. Recall that the two-dimensional Dirac operator can be written as 



with respect to the natural splitting of W = S + © S . 

Lemma 5.2. The Dirac operator for the three-manifold IxE has the following 
"near"- Weitzenbock decomposition 




p: W 



W, 



(6) 
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are constants L and M , so that for all fi, we have 

„ , 1 1 
\\LJ < —L, and Mj = -M. 
fi ft 

(The bounds here are pointwise bounds on sections of endomorphism bundles.) 

In the proof of the lemma, we find it convenient to use a reducible connection 
on T(R x E), which is independent of fi, defined as follows. Consider the natural 
orthogonal splitting (which is valid for all fi) 

A X R xS = Rrften^A 1 . 

The family of Levi-Civita connections on E which arises from the family of metrics 
h t can be viewed as a single connection on the dt 1 - summand. Now, let °V denote 
the (reducible) connection which is the connect sum of that connection with the 
connection on the trivial line bundle M.dt for which dt is covariantly constant. If Wq 
is a spinor bundle over E, consider the bundle W = Tl^Wo over Y . W already has a 
Clifford action of dt 1 . For each fi, we can complete this action 

P(1 : TY ® W — > W, 

by defining 

p^(fidt) = 




Proof. We calculate the (connection form) difference between the Levi-Civita 
connection and °V over T(R x E). Suppose for the moment that /i = 1. Let 1 , 9 2 be 
a (time dependent) moving coframe for E. There are functions w,x,y,z over R x E 
for which 

d6 l = wdt A9 1 + xdt A6 2 + u\ Ad 2 
d9 2 = ydtA6 1 + zdtA6 2 -uj\Ad 1 , 

where io\ is the connection matrix for the metric h t over E. Thus, by the Cartan 
formalism, the connection matrix with respect to the coframe [dt^O 1 ^ 2 ) is given by 

/ o -we 1 - (5±a) e 2 -z6 2 - (2±k) e l 

(7) w6 1 + {?f-) 6 2 (2zE)dt + w i 

V z6 2 + (^)6 1 (^y)dt + u 2 ~ 



For general /x, (fidt, 9 1 , 9 2 ) form a moving coframe, and the above calculation shows 
that the difference form 

°v M - v„ = -s„, 
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where is a one- form whose length is independent of fi. In fact, by glancing at 
the connection matrix, we have that — Tp„ = £, for some endomorphism £ which 
is independent of fi. It follows that the square can be written 

p ° p = ~^¥t ° §t + r ° 9 + {p ^ dt)v ^' ^ + \^ 0]p + 

The anticommutator term can be expressed in the local coframe: 
{p,(fidt)V^,0} = {p,(fidt)V^,9 l V e i+9 2 V e 2} 

= p M (^A^)[V^,V,i] +p M (rftA^ 2 )[V^,V e2 ] 

= ^( n (A|) ° F ») + ^ (pmW* A ^) V [i, ei ] + a 2 )V { ^ e2] ) 

The two-form F M is independent of fi (only its Clifford action depends on fi) ; and the 
Clifford action of a fixed form in dt A C TF scales like 1/p. 

□ 

In view of Equation (6), the hypothesis that B t always misses the theta divisor is 
equivalent to the statement that there is a non-zero lower bound S > on the square 
of the eigenvalues of the two-dimensional Dirac operator 0; in particular, 

(?y,py)>5 [ 

'{(}xS J{i}xS 

This, together with the formula from Lemma 5.2, gives us a differential inequality 
for harmonic spinors on the cylinder. 



Proof of Proposition 5.1. Let $ be a kernel element of p. Then, 
= p ojp $ 

fi 2 at 1 

Taking pointwise inner-product with $ (using the metric on W), and integrating out 
over {t} x E, we see that 

1 3^ 
Id 2 

Now, we have: 



($ , $ ) + - ^M^j ($, $) - (L„ o V$, $). 



(9) 



/ (l,ov$,$) < - l ( f iv$i 2 Vf/ i$rV 

J{i}xE P VJftixS / \</{t}xE / 



{(}xS / \</{t}xE 
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But, we have, by integration-by-parts and the usual Weitzenbock formula: 

(v$,v$) = ^L^($,$) + (v*v<i»,<f) 



2/i 2 dt 2 



for some non-negative constant C independent of ji (here, s M is the scalar curvature 
of the stretched manifold; this curvature stays bounded as // i— > oo); so, substituting 
this into Inequality (9), then plugging back into Equation (8), we get the following 
differential inequality for the function ||$|| 2 (thought of as a function of t, given by 
f Y mt,y)\ 2 dy): 

5 -^|lW + (*-V) ||«n> _I L (^^||.||. +C ||.||.) 1 ||.||. 

By rearranging the above inequality we get for sufficiently large ji an inequality of 
the form 

where 5 > is some constant (which we can make arbitrarily close to 5o by choosing 
H to be sufficiently large). This in turn shows that ||$|| 2 has no interior maxima. In 
particular, if $ is integrable, it follows that $ = 0. □ 

We now spell out: 

Proposition 5.3. Letht, h' t be two generic allowable paths of metrics over J], and fix 
an allowable homotopy H(u, t) between them. Suppose that B(u, t) is a two-parameter 
family of connections in Jn(u,t) which is transverse to Q H . Then, there is some /x > 
such that for all sufficiently large /i, // > fi , the spectral flow between the two induced 
Dirac operators onM. x E is given by 

SF ((/jdt) 2 + ht, (fi'dt) 2 + h' t ) 

= #{(D,u,t) E Sym^^E) x [0,1] x [0,l]\e HM (D) = B(u,t)} . 

Proof. By Proposition 5.1, the spectral flow localizes to the region where B(u,t) 
meets the H(u, t)-theta divisor. By homotopy invariance of both quantities, then, 
it follows that the spectral flow must be some multiple of the above intersection 
number. The factor is then calculated in a model case, as in Proposition 8.5 of [18] 
(note that in that proposition, the "spectral flow" refers to real spectral flow, hence 
the difference in factors of 2). □ 
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6. 9 AND THE CASSON INVARIANT 

In this section, we prove Theorem 1.2. At the heart of this computation is a surgery 
formula. 

We focus presently on the case where Y is an integral homology three-sphere. In 
this case, there is only one Spin c structure, and we denote its invariant by 9{Y). Note 
that 9{Y) is an integer, since in this case, the APS correction term £(Y) is an integer 
for all metrics. 

Let Y as above and fix a knot K C Y. Let Y p / q be the manifold obtained from Y by 
(jo/g)-surgery along K, so that Y is an integral homology S 1 x S 2 , and Yi is another 
integral homology three-sphere. Note that, since &i(lo) — 1) the theory from [18] 
applies, to give us an integer-valued invariant 9(Y , a) for each Spin c structure a G 
Spin c (F ). 

Our first result is the following surgery formula for 9. 
Theorem 6.1. 

9{Y l )-9{Y)= £ 

oGSpin c (Y ) 

This theorem, together with Theorem 1.4 from [18], which relates 9(Y ) with the 
Alexander polynomial of Y , gives the following: 

Theorem 6.2. Let A = a + Ya=i a i{T % + T~*) be the symmetrized Alexander poly- 
nomial ofY , normalized so that 

A(l) = l. 

Then, 

oo 

9(Y 1 )-9(Y) = J2j\- 



Proof. We recall from [18] that 9(Y , a) = Y^jLi3 a \i\+j-> where the Spin c structure 
a corresponds to the integer % under the identification Spin c (Yo) — H 2 (Y\7j) = Z 
which sends the spin structure to 0. □ 

Remark 6.3. It is an easy consequence of this theorem that: 

oo 

9(Y 1/n )-9(Y)=nJ2j\- 

3=1 

Corollary 6.4. Let Y be an oriented homology three-sphere. Then, 29(Y) is equal 
to the Casson invariant X(Y). 
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Proof. Every integral homology three-sphere can be obtained from S 3 by a sequence 
of ±1 surgeries. So, it follows that 9 is uniquely determined by its surgery formula 
and its value on S* 3 . It is easy to see that 9(S 3 ) = 0: fix a genus one Heegaard 
decomposition of S 3 , and let h t be a constant family of metrics on the torus, which 
is clearly an allowable path, and indeed 9(S 3 ) = for this path. Furthermore, the 
correction terms cancel each other by Proposition 3.5. 

Since Casson's invariant A satisfies the same surgery formula (see [1]), and A(S' 3 ) = 
as well, we get the result. □ 

To prove Theorem 6.1, we find a Heegaard decomposition Y = Uq Us U\ for which 
the knot K is dual to the last attaching disk for U\, i.e. it intersects the last attaching 
disk transversally in one point, and is disjoint from the other ones. To see that this 
can be arranged, start with a Morse function on Y — nd(fT) with 1 zero-handle, g 
one-handles, and g — 1 two-handles. This gives us a handlebody U and g — 1 two- 
handles, whose attaching circles we denote by {Pi, Completing the Morse 
function over nd(K), we have described the second handlebody U\ so that K is dual 
to the final attaching disk. Heegaard decompositions for the various surgeries Y p / q 
are given by surgeries in U\\ thus, these can be described by fixing one surface E, 
one complete set of attaching circles {a±, a g }, a g — 1-tuple of attaching circles 
{Pi, ...,P g -i}, and allowing the final attaching circle P g to vary. 

We would like to compare the ^-invariants for the various surgeries. To that end, 
we fix a path h t of metrics, so that ho is f/ -allowable and hi is U\ allowable for any 
choice of P g . Such a metric hi can be found, thanks to Lemma 2.4 of [18], which 
shows that any metric which is sufficiently stretched out normal to the {Pi, ...,P g -i} 
is C/i-allowable. 

We define a "moduli space" belonging to the knot complement and the path of 
metrics. 

M ht (Y-K) = {(D,s,t) e Sym^x^lJxfO,!]^ < t,G h ,(D) G L(U ), Q ht (D) e A(Ui)}, 

where A(C/i) C J is the set of connections B e J so that Hol^(-B) = for i = 
1, g — 1. There is a map 

p:M ht {Y-K)^T 2 , 

which is analogous to a boundary value map, given by measuring holonomy around 
the meridian m and the longitude I of K, i.e. 

p(D,s,t) = Ro\ mxe (<3>h t (D)), 

normalized so that the point x 6 T 2 corresponds to the spin structure which 
extends over Y. With these conventions, then, any "reducible" (in the sense of 
Definition 2.6) on Y — K can be restricted to the boundary; its holonomies will lie 
in the circle S 1 x {0}. 
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Note that A(C/i)D0/i 1 (Sym 9_1 (E)) is not necessarily empty. However, for any e > 0, 
there is a T so that if hi is stretched out at least T normal to the {fli, g -i}, then 
the holonomy of any point in A(Ui) H 0/ ll (Sym 9_1 (E)) around m x £ lies in an e 
neighborhood of \ x |. This follows from Lemma 2.4 of [18]. 

This moduli space has the following important properties: 

Proposition 6.5. For any e > 0, if h\ is sufficiently stretched out normal to the 
attaching circles /3 g -i}, then the moduli space of the knot complement Mh t (Y — 

K) is generically a compact, smooth, one-dimensional manifold with two types of 
boundary components corresponding to t = 1 and s = t. Furthermore, the t = 1 
boundary maps under p into an e-neighborhood of \ x | ; and those with s = t map 
under p to S 1 x 0. 

Proof. Smoothness follows from the generic metrics statement (Proposition 4.1). 
There is no s = boundary since the metric ho is fTo-allowable. The t — 1 boundary 
lies in A(L r i)n0/ ll (Sym ff-1 (E)), which maps near \ x |, as above. The s — t boundary 
corresponds to the intersection of the theta divisor with L(U ) D A(Ui), which in turn 
maps to S* 1 x 0. Indeed, this latter circle corresponds to the circle of reducibles F — K: 
the point 0x0 corresponds to the spin structure which extends over Y, while the 
point | x corresponds to the spin structure on □ 

As we shall see presently, the ^-invariants for the surgered manifolds Y, Y]_, and 
Yq are related by a spectral flow term, defined as follows. Let (pdi) 2 + h t denote 
the metric on the cylinder Rx S induced by the family h t . By restriction, the spin 
structures do and di on Y and Y\ respectively induce spin structures on Y — K. These 
can be viewed as different Spin c -connections on the same Spin c structure on Y — K, 
which we will connect by a path {A t } of reducible connections. For definiteness, we 
choose a path whose holonomies around the meridian are monotone increasing from 
to \. By restricting to the cylinder R x E, we get a path of reducibles {A t }, and hence 
a corresponding path of Dirac operators pAtlRxn- ^ s we have seen (Proposition 2.7), 
if the metric on 1 x E is sufficiently stretched out, then this spectral flow between 
the Dirac operators is independent of the scale p. We denote this spectral flow by 
SF RxS (ao, ai). With this spectral flow defined, we turn our attention to the following 
key step towards establishing Theorem 6.1: 

Proposition 6.6. Fix a generic path of metrics h t so that p(Mh t (Y — K)) misses 
the spin structures 0x0 and \ x 0. The theta invariant satisfies: 

(10) 6 ht (Y l )-e ht (Y)=[ 0( y o,*) ) +SF KxS (o ,a 1 ). 

\aeSpm c (y ) / 
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Proof. Fix a real number 5 with < 5 < | — e. Fix curves in T 2 : 7 = x S 1 , 
70 = 5* 1 x {5}, and 71 = {(s, s+|)}. Note that the restriction of ao and di to the torus 
gives the spin structures corresponding to x and \ x respectively. Since the moduli 
space misses these spin structures, it follows that 9h t (Y) and 0h t (Yi) are well-defined, 
and indeed by the definition of the ^-invariant, we have that #p _1 (7) = &h t (Y) and 
#P _1 (7i) = Qh t (Yi)] similarly, 

#P -1 (7b)=( E *( y o,a) 

\oGSpin c (y ) 

Consider the oriented subset C C T 2 which does not contain | x |, and whose 
boundary is 70 + 7 — 71. Then, by transversality, 

(11) d ( P -\C)) = P -\ 10 ) + P -\j) - p- 1 !^) + (9M ftt (y - x)) n ^(c). 

According to Proposition 6.5, and our choice of C, (dMh t (Y — K)) n p~ 1 (C) consists 
of boundary components where s — t. In fact, Proposition 5.3 shows that 

# (dM ht (Y - K)) n p-\C) = SF MxS (a , ai), 

so that counting points in Equation (11), we obtain Equation (10). □ 

We can understand the spectral flow on the cylinder in terms of data on the knot 
complement, thanks to the splitting principle for spectral flow. Specifically, we can 
connect ao and cii through reducibles on the knot complement, endowed with a metric 
which is k on Uq, h t on the cylinder, and a fixed metric on U\ — n&(K) which is 
product-like near both the E-boundary (where it is isometric to a collar around h±), 
and the torus boundary of nd(K). (In fact, for concreteness, we assume that it has 
the form S 1 x S* 1 near the knot, where we take the product of longitude and meridian.) 
According to the splitting principle, then, 

(12) SF y _ x (a , ai) = SF^K m) + SF KxS (a , a ± ) + SF [7l _ x (a , ai). 

Strictly speaking, in order to achieve the apropriate transversality, so that the Dirac 
operator at the endpoints ao and ai have no kernel, we have relaxed the reducibility 
hypothesis, to include perturbations of reducibles by one-forms which are compactly 
supported in the two handlebodies (see the proof of Lemma 3.1). Thus, for example, 
Equation (12) should be interpreted as follows: fix a pair a and a\ of one-forms 
which are compactly supported inside Uq and U\ — K respectively. SFy_x(ao, ai) 
is the spectral flow of the family A t + ao + a±, where A t is the family of reducibles 
connecting ao to ai, and the spectral flows over Uq and U\ — K are actually the 
restrictions of A t + a + a x to these two submanifolds. In the interest of clarity, we 
suppress these perturbations from the subsequent discussion: when we discuss to 
"reducibles", we mean, in fact, connections obtained by perturbing reducibles in this 
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manner. (Note also that these perturbations leave the holonomies around attaching 
circles unchanged.) 

To relate the spectral flow on the knot complement with data on closed mani- 
folds, we have the following result, which could be called a surgery formula for £ 
(compare [16], see also [14]): 

Lemma 6.7. Fix a cylindrical- end metric k' onY — K , and let k , k x be metrics on 
the genus one handlebody U which agree with k' along the boundary. Then, for all 
sufficiently large T , 

6i (k' U T h) - fr(k' U r fc„) = SFy^ao, Oi) + C(h, Oi) - C(k , o ). 

Proof. Recall that there is a natural cobordism W from Y to Y\. This cobordism 
is obtained from Y x [0, 1], and then attaching a two-handle with +1 framing. We 
have a natural inclusion 

(Y - K) x [0, 1] C W, 

which maps (Y - K) x {0, 1} to the boundary of W (i.e. taking (Y - K) x {0} to the 
knot complement, as a subset of Y, and (Y — K) x {1} to the corresponding subset of 
Yi). Fix a metric on W whose restriction to the region (Y — K) x [0, 1] is a product 
metric, its restriction to the Y boundary agrees with k! k , and its restriction to 
Yi agrees with k! k±. 

Consider the Spin c structure r on W whose first Chern class generates H 2 (W; Z). 
Endow W with a Spin c connection in r whose restriction to (Y — K) x [0, 1] is a 
path of reducibles, and whose first Chern form is compactly supported away from 
the boundary (and hence it interpolates between Oo and di). By definition, 

(13) {v, - (y = i.^. 4 - ( Cl(C)2 7 (Iy) ) = ind^. 

The index is calculated by an excision principle. Let Z = W — (Y — K) x [0, 1]. 
According to [17], the Dirac operator on both Z and (Y — K) x [0, 1] is a Fredholm 
operator, since the Dirac operator has no kernels on the "corners" S 1 x S 1 x {0, 1} 
and the various boundaries Y — K (coupled to a and Oi respectively) and [0, 1] x S x 
(coupled to a sufficiently slowly-moving one-parameter family of connections on T, 1 
which bound - see Proposition 5.1). Thus, the index splits as 

indp^ = ind^ A |(y_^) x [ 0i i] + mdft A \ z . 

The first term is the spectral flow SFy_^(ao, Oi). To understand the second term, 
we replace the knot complement Y — K by a much simpler knot-complement D x S 1 , 
endowed with a family of connections whose holonomy around the S* 1 factor goes 
from to |. Note that the manifold W = (D x S 1 ) U s i xS i Z is a cobordism from 
S* 3 to S* 3 : indeed, it is CP 2 punctured at two points. Moreover, the connection A\ z 
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extends over W , to give a connection A Q . Now, by the same splitting principle, 

™dfl Ao = indp Ao | (Dx5 i )x[ o,i] + mdfl Ao \ Z - 

The first term on the right hand side is a spectral flow for the Dirac operator through 
flat connections on the manifold D x S 1 , which has non-negative sectional curvatures; 
thus, the index vanishes. The second term on the right is, of course, the same as 
m.dip A \z; thus, we have that 



which is a difference of the APS invariant for the three-sphere S 3 . Now, according to 
Proposition 3.5 (together with the fact that £°(D x S* 1 ) = for any Spin c connections 
with traceless curvature), we have that 



The surgery formula for 9 now is an easy consequence of the surgery formula for 9 
and £: 

Proof of Theorem 6.1. First we claim that the chambered properties of £° and 
£, the splitting formula (the version stated in Equation 12), and Lemma 6.7, we see 
that 



(e(Fi, aJ-dUo, a 1 )-C(U[, m)) - (t(Y, a )-f (£/ , a )-f (tA, a )) = SF MxS (a , a ± ). 



(14) ind^ A() = ind^ A | z 

Finally, by the same reasoning which gave Equation (13), we have that 

(15) ind^ Af) = £((£> x S 1 ) U (U, ko)) - £((D x S 1 ) U (U, h)), 




□ 



It follows that 




□ 
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7. 6 and the Casson- Walker invariant 

Let X be an oriented three-manifold with a torus boundary and Hi(X;M) = ffiL 
The map Hi(dX;Z) — > Hi(X;Z) has one-dimensional kernel. Let £' denote a 
generator for the kernel, d(X) > denote its divisibility, and let £ be the element 
£'/d. We call £ the longitude. 

Fix a homology class m E Hi(dX) with m ■ £ — 1. For a pair of relatively prime 
integers (p,q), the manifold Y p / q is obtained from X by attaching a S 1 x D with 
<9.D = pm + g£, and let Y = Y\/q. Note that in general Y p / q depends on a choice of 
m, but Yo = ^o/i does not. Note also that Y is a rational homology S* 1 x S 2 , while 
all the other Y p / q are rational homology spheres. 

There is a short exact sequence 

(17) ► Z ► Spin c (r ) ► Spin c (X) ► 0, 

by which we mean that the subgroup Z C H 2 (Y ; Z) generated by the Poincare dual 
to m (viewed as a subset of Y ) acts freely on Spin c (F )) and its quotient is naturally 
identified (under restriction to X C Yq) with Spin c (X). 

Thus, each Spin c structure a on X has a natural level y = y(o) E Z/c?Z defined as 
follows. Let b be any Spin c structure on Y whose restriction is a, and consider its 
image in 

Spin c (yo)/Z(PD[m]) ^ Z/dZ, 

where Spin c (F ) is the group of Spin c structures modulo the action of the torsion 
subgroup of H 2 (Y ; Z). 

Furthermore, for any of the Y p / q , the map Spin c (y^,/q) to Spin c (X) is surjective, 
and its fibers consist of orbits by a cyclic group generated by the Poincare dual to 
the knot which is the core of the complement Y p / q — X (for Y = Yyo, this fiber has 
order d = d(X)). For a fixed Spin c structure a on X, let Spin c (Yp/ g ; a) denote the set 
of Spin c structures b E Spin c (Y p / q ) whose restriction to X is a. 

Our main result in this section is: 

Theorem 7.1. For integers p,q,d,y with p and q relatively prime, d > and < 
y < d, there is quantity e(p, q, d,y) E Q with the following property. Let X be an 
oriented rational homology S 1 x D, with divisibility d(X) = d, and choose m, £ as 
above. Fixing any Spin c structure a over X with level y(a) = y, we have the relation: 

E KsA=p\ E MOI+J E o Y M)+<p,Q,d,y). 

v bGSpin c (y p/ ,;o) / \ces P in c (y ; o) J \oeS P in c (y ;o) / 

Corollary 7.2. For X as above, 

E h/W) =P\ E ^y(a) I +g(E^ 2 ) + |Tors^ 1 (X;Z)| e (p,g,ci), 
beS P in c (y p/ ,) / \aes P m c (y) / i=i 
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where d = d{X), are the coefficients of the symmetrized Alexander polynomial of 
Y , normalized so that 

A(l) = |Tors# 2 (Yo;Z)|, 

and 

d-1 



e[p, q,d) = . 



d 

Proof. This follows from the surgery formula, and the calculation of 9(Y ) from [18], 
according to which 

oo 

E 0Y o (a) = J2 a ^- 

aeSpin c (^)) i=l 

□ 

Remark 7.3. Let K C Z be a knot in any rational homology three-sphere. In the 
above notation, Z = Y p / q for X = Z — nd(K) and some choice of m, p, and q. 
Clearly, any non-zero surgery on K would give another rational three-sphere of the 
form Z' = Y p i/ q i. Thus, applying Corollary 7.2 twice, one gets a relationship between 

9{Z), 6(Z') and the Alexander polynomial for the zero-surgery. If the divisibility d(X) 
of X equals n, then we call the surgery from Z to Z' a surgery with divisibility n. 

Let L p ^q denote the lens space S* 3 = {(w,z) e C 2 ||w| 2 + \z\ 2 = 1} modulo the 
equivalence relation 

... 2wi 2Trqi 

(w, z) ~ (e p w,e p z). 
In order to calculate e(p, q, 1), we rely on a calculation given in Section 8: 

Proposition 7.4. 

2 E Km \=-p-s(q,p), 

\ v aeSpin c (Lp i9 ) J 

where s(q,p) is the Dedekind sum 

( nk\ ( ixkq 



i \ 1 ( Tlk\ {', 

'^^) = ^E cot {—) cot ( v - 



P 

As a consequence of Corollary 7.2 and Proposition 7.4, we have the following: 
Theorem 7.5. 

2 Ma)) =\Hi(Y;Z)\\(Y), 

\aeSpin c (Y) / 

where \(Y) is the Casson-Walker invariant ofY. 
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Proof. Since any rational homology three-sphere Y can be obtained from S 3 by 
a sequence of surgeries on rational homology three-spheres, Corollary 7.2 and the 
constants e(p, q, d) determine the sum 

E M<o 

oSpin c (Y) 

(see Remark 7.3). A suitably normalized version of the Casson- Walker invariant 
satisfies a formula of the same shape, with constants e'(p,q,d). We spell this out as 
follows. 

Let |Tors(#i(X))| = k, so that |Tors#i(y )| = k/d and = dk, |#i(r p/g )| = 

pdk. 

Walker's surgery formula (see p. 82 of [21]) says that: 

*«/.) = W + ^r W -.(,,p ) + (i^. 

Here, T(X) is the sum 

E^' 2 > 

3 

where A X (T) = Y^bjT 3 is the symmetrized Alexander polynomial of X, normalized 
so that Ax(l) = 1. (The symmetrization forces us to allow half-integer powers of T, 
if d is even.) We compare T(X) with a jj 2 - By comparing with the Milnor torsion, 
one sees that Ax = Ay {l + T + ...T d ~ r ) up to possible multiples of T and constants. 
Now, a,j are the coefficients in the Alexander polynomial of Y , normalized so that 
A Yo (l) = \TotsHi(Y ;Z)\. With these normalizations, then, it follows that 

'rpd/2 _ rp-d/2 s 



yl/2 _ y-1/2 



Then, 



E^' 2 = |*mi) 



dT 2 ' 
d, d 2 



d-l 
2 

2 



(rf 2 - 1) 



k K dT 2 * ov 77 d 

-d+l 
2 



E^' 2 + 



12 



For the renormalized version 



\'(Y)= 1 -\H 1 (Y)\\(Y), 
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we then have: 



X'(Y p/q ) = p\'(Y) + UY / a J j 2 + 



qk(d 2 — 1) pkd-s(q : p) 



12d 



i>i 

q(d 2 -l) 



+ |Tors#i(X;Z) 



q(d 2 — 1) prf • s(q,p) 
12d 2 



It follows that e'(p, q, d) - 
Thus, it remains to show that 



I2d 



2 



)- 



e(p,q,d) = e'(p,q,d). 

For d — 1 it follows from Proposition 7.4 that 2e(p,q, 1) = — p • s(q,p), so we have 
that e(j», g, 1) = e'(p, q, 1) as claimed. 

We now argue that in fact e(p, q, d) is determined by the surgery formula and the 
values of e(p, q, 1). To this end, we find it convenient to make the following definitions. 
Choose three fiber circles in S 2 x S 1 , and let M(pi, qi,p2, q2,P3, (fe) denote the manifold 
obtained by performing Pijqi surgery on the i th circle, with respect to the framing 
induced by the product structure. Similarly, let N(pi, qi,p2, (fe) denote the manifold 
obtained from surgeries along only two circles, and let Y(pi,qi,p 2 ,q2) be the three- 
manifold obtained from N(pi,qi,p 2 ,q2) by deleting a tubular neighborhood of the 
third circle. Note that N(pi, qi,p 2 ,<l2) is either a lens space or S* 1 x S 2 . 

Note that M(n, 1, — n, 1, q, —p) is obtained from M(n, 1, —n, 1, 0, 1) by a (p, q, n) 
surgery. Note also that M(n, 1, — n, 1, 0, 1) is a connected sum of lens spaces L(n, l)#L(r, 
This is clear, for example, from the Kirby calculus picture in Figure 3. 

Suppose first that q and n are relatively prime. Then, since d(Y(n, 1, q, —p)) = 1, 
it follows that M(n, 1, —n, 1, q, —p) is obtained from S 3 by a sequence of surgeries of 
divisibility 1. 




Figure 3. Kirby Calculus picture of M(p 1 , q 1 ,p 2 , q 2 ,Ps, qs) 
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With this in place, we turn our attention to the cases where n — 2. We can assume 
that g is even. Consider the manifold Y(2, 1,2, 1). It has divisibility equal to 2. It 
is easy to see that M(2, 1, 2, l,p — g, q) is gotten from M(2, 1, 2, 1, 1, 0) by a (p, q, 2) 
surgery. Both of these manifolds can be obtained from S* 3 by surgeries of divisibility 
1. (Note that the first manifold is L(4, 1), and Y(2, l,p — q, q) has divisibility 1, since 
p — q is odd.) 

For the general case, we use induction on d. Note that d(Y(n, 1, q, —p)) < n, with 
equality iff q — tn and n\t — p. Similarly, d(Y(— n, 1, q, — p)) < n, with equality 
iff q = tn and n\t + p. Now it follows that M(n, 1, —n, l,q, —p) can be obtained 
from either N(n, 1, q, —p) or N(—n, 1, g, —p) with surgeries of divisibility less than n, 
unless q = tn and n\2p. Since n > 2, this would imply that p and q are not relatively 
prime. 

Now, since e(p, g, 1) = e'(p, g, 1), it follows from the above argument that e(p, g, d) = 
e'(p, g, o?) for all d. This finishes the proof of Theorem 7.5. □ 

Theorem 7.1 rests on an analogue of Proposition 6.6, which gives a relation among 
9y, ^Y p/q , 6y , an d certain spectral flow terms. As before, we can define 

M ht (X) = {(D,s,t) e Sym^x^lJxfClUs < t,Q hs (D) e L(U ),Q ht (D) e A(C/i)}, 

where the handlebodies U and XJ\ refer to the Heegaard decomposition of Y. Note, 
however that the spaces L(Uq) and A(Lq) depend only on X. 

We describe how to partition this moduli space according to Spin c structures on 
X. As in [18], we consider the map 

7Ti(J) = Z) — iJ 2 (X;Z). 

Its kernel gives rise to a covering space J of J, with transformation group H 2 (X; Z). 
A spin structure a on X gives rise to lifts of L(U ) and A(Lq) in J, up to simultaneous 
translation by elements of H 2 (X; Z) as follows. Let do be a spin structure on X, and 
let p £ J be the corresponding point. Any Spin c structure on X can be written as 
d + £, where £ G H 2 (X; Z). Let p be any lift of p to J. Then L (a) is the lift of L to 
J which passes through p, and Ai(o) is the lift of Ai which passes through p + I. (It 
is easy to see that these subspaces are independent of the spin structure, as stated.) 
Note that the quotient map, induces a diffeomorphism of each L (a), resp. Ai(a), to 
the corresponding spaces L and Ai respectively. Also, there is a lifting 

&h'- Sym 9_1 (S) — >■ J, 

where Sym 3 (E) is the lift of Sym 9_1 (S) corresponding to kernel of the map 

Tr^Sym^E)) ► H^SymP-^E)) Hi(J) = i? 1 (E; Z) — i/ 2 (X;Z). 
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Correspondingly, let 

M ht (X,a) = {(D,s,t) G Sym^x^llxfO,!]!* < t, & hs (D) G L (a),Q ht (D) G A^a)}. 
These spaces naturally give a partition 

M ht (X)= ]J M ht (X,a). 

aeSpin c (X) 

As in Section 6, we have a map: 

p:M ht {X)-^ J{8X)^T\ 

defined by 

p{D,s,t) = Ro\ mxe (e ht (D)), 

normalized so that the point (|, |) G T 2 corresponds to the spin structure on S 1 x S* 1 
which does not bound, and the circle of reducibles for any level zero Spin c structure 
on X restrict to give the circle S 1 x {0}. 

Proposition 7.6. For any e > 0, if hi is sufficiently stretched out normal to the 
attaching circles {Pi, then the moduli space M ht (X, a) is generically a com- 

pact, smooth, one- dimensional manifold with two types of boundary components cor- 
responding to t = 1 and s = t. Furthermore, the t = 1 boundary maps under p 
into an e-neighborhood of \ x | ; and those with s = t map under p to the circle 
7o(y) = 5 1 x {*}. 

Proof. The s — t boundaries correspond to the intersection of the theta divisor with 
the L(Uq) H A(Ui). Using the identification between the Jacobian and the H 1 ^; S 1 ), 
L(Uq) l~l A(Ui) corresponds to those S 1 representations of 7Ti(£) which extend to 
representations of tti(X). Since d£ bounds in X, these representations must take 
£ to a rf-torsion point. Tensoring with any element of H 2 {Yo, r L) which maps to a 
generator of H 2 (Y ; Z)/Tors, and taking the reducible representative on X, changes 
the holonomy around I by 1/d: this shows that the number y appearing above is the 
level of the Spin c structure as defined in the beginning of this section. □ 

Let 7 p / g denote the circle in S* 1 x S* 1 with slope p/q and which goes through the 
point (0, 0) if q even and (|, 0) if q is odd. Let 7o(y) denote the circle S 1 x {|}, and 
7o(z/)' denote the vertical translate of 7o(y) by some small 5 > 0. Let 7 be the circle 
OxS 1 . 

The curve r y p / q meets 70 (y) in p points. Using the orientation on R) coming 

from m, we can label these in increasing order <pi < <p2 < ■■■ < <f>p- Also, r )o{y) 
intersects 7 in a single point 0o — (0, y)- To each (pi, we can associate the interval 
[0i,0o]- Now, to any interval / C 7o(y), we can associate a spectral flow SF KxS I 
defined as follows. Each interval is covered by d one-parameter families of (nearly 
reducible) Spin c connections with traceless curvature in the Spin c structure a on X. 
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By restricting to R x E C X, we get d one-parameter families of Dirac operators. 
SFikxs/, then, denotes the sum of these spectral flows. 

We have the following analogue of Proposition 6.6. To state it, we must make 
some preliminary remarks concerning spectral flow on X and IxS. The set of 
Spin c connections on o over X with traceless curvature is parameterized by the circle 
g^x'zj ' w hich we orient via the homology class m G Hi(X; Z). These operators give 
rise to a family {A t } of Dirac operators over IxE. Strictly speaking, this family 
might not be a family of Fredholm operators, if the level is d/2, since in this case the 
boundary value of {^4*} goes through the bad point. We can compensate for this by 
introducing a some curvature so that the the boundary value maps to a curve of the 
form S 1 x (| + e). 

Lemma 7.7. The spectral flow around the circle determined by {A t } depends only y 
and d. 

Proof. This follows immediately from the splitting principle for spectral flow, 
applied to the zero-surgery Y . □ 

Proposition 7.8. Fix a generic path of metrics h t so that p(M ht (X, a)) misses the 
points (fio, (pi, (fi p . Then, we have that 

E = p[ E Mc)]+?( E m*) 

bGSpin c (Y p/9 ;a) \ceSpin c (Y ;o) / \DeSpm c (Y ;a) 

V 

(18) + E SFr x s[0„ M + fip, q, d, y), 

i=l 

where d = d(X) and y = y(a), and f(p, q, d, y) is an integer which is independent of 
X. 

Proof. Note first of all that 7 P / 9 is homologous to p~y + ?7o(y). Thus, we can 
consider the oriented 2-chain C G S 1 x S 1 which does not contain | x |, and whose 
boundary is 7 P / g — pj — qj' (y)- By elementary differential topology, 

d{p~\C)) = p-\l P / q )-pp-\l) ~ qp-\iM) + (p\dM ht (X; a) y l (C). 
These are to be viewed 0-chains; i.e. we have that 
(19) 

# {d(p-\C)) = #p- 1 ( 7p/9 )) -p (#P^(7)) " q {4p-\lM)) + E u * 

xddM h AX;a) 



THE THETA DIVISOR AND THE CASSON-WALKER INVARIANT 



43 



where u x denotes the multiplicity of C at p(x) times the degree of p to x. Note that 

(20) #p-\ /q = E ^/,( b ) 

beSpin c (Y p/9 ;a) 

(21) #p- x (7) = E MO 

ceSpin c (y ; a) 

(22) #P~\iM) = E 

oes P m c (yi j; a) 

Note that the multiplicity of C is constant on the open interval (<f>i, and 
(0 p ,0o)j an d we denote the constant by z/j and z/ p respectively. Thus, we can write 
the final term in Equation (19) as: 

E Ux = ( E^ SF Kxs[0i,0i+l] ) SF MxS [0p,0 o ], 

xedM ht (Y-K;a) \i=0 J 

thanks to Proposition 5.3. Moreover, it is a simple homological fact that ui = u + i, 
so we can rewrite the above quantity as a sum of 



ESF Rx s[0i,0o] + fo/(a), 



i=l 



where /(a) is the spectral flow around the circle from Lemma 7.7. Substituting this 
back into Equation (19), along Equations (21)-(22), we obtain Equation (18). 

Note that in the case where the level is 2, the spectral flow terms might not be 
defined, since the path of reducibles fails to induce a Fredholm operator. This can 
be compensated by using spectral flow through nearly-reducible connections (i.e. 
translating 7 , once again, by a small amount). □ 



The next step is to see how £ changes under surgeries, which is another application 
of the excision principle for indices. Fix Spin c structures c and b on Y p / q and Y 
which restrict to the same Spin c structure on Y — K (so that the corresponding 
Spin c connections induced on X can be connected through connections with traceless 
curvature). 

There is a standard cobordism Z p / q between the neighborhood of a knot, thought 
of as the core of U = D x S 1 , and its p/q surgery, U p / q . Of course, U p / q is also 
diffeomorphic to U, but we will use different metrics. From standard Kirby cal- 
culus, this cobordism is obtained as a plumbing of two-spheres, prescribed by the 
Hirzebruch-Jung fraction expansion of p/q. Since the original manifolds have bound- 
aries, the "cobordism" Z p / q is actually a manifold-with-corners, with a boundary 
[0, 1] x S 1 x S 1 , and two others which are U and U p / q . In particular, if we fix S* 1 x D, 
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then ([0, 1] x S 1 x D) U^ijxsixs 1 Zp/q is the standard cobordism between S* 3 and the 
lens space L PtQ and, more generally, if X — Y — K, then the manifold 

Wp/ q = ([0, 1] X X) X[ 0il ] x5 i x5 i Zp/ q 

is a cobordism between the manifold Y and Y p / q , identifying S 1 x S* 1 with the meridian 
times the longitude. 

We endow Z p / q with a metric compatible with its manifold-with-corners structure; 
i.e. so that it is product-like in neighborhoods of each of its boundaries. Indeed, we 
can choose the metric on [0, 1] x S 1 x S* 1 to be independent of the [0, 1] factor. If 
X is fixed with a product-like metric near its boundary, where it is identified with 
S 1 x S* 1 (meridian times longitude), then this, together with a neck-length parameter 
T, gives both Y and Y p / q preferred metrics. 

Fix a Spin c structure p on W p / q with l\Y p / q = b, and y|Y = c. We can choose a Spin c 
connection A on p, whose restriction to [0, 1] x (Y—K) induces a one-parameter family 
of reducibles {A t } onY — K. We then have the following analogue of Lemma 6.7: 

Proposition 7.9. Let a = b\(Y - K) = c\(Y - K). The difference £(Y p/q ,b) - 
£(Y, c) — SFy_^;({Ai}) is independent of the manifold Y , depending only on p, q, d, 
and y(a) 

Proof. Since SFy_x(^U) can be thought of as the L 2 index of the Dirac operator for 
(Y — K) x [0, 1], with ends attached, the above statement is an easy application of the 
splitting principle for the index, bearing in mind that the difference C{Y p / q , b) — £(Y, c) 
is the index of the Dirac operator on W p / q , and topological terms which depend only 
on p, q, d, and y(a). □ 

Proof of Theorem 7.1. The surgery formula for 9 shows that the the invariant 
transforms in the manner which 9 is claimed to transform under, plus a sum of 
spectral flow terms on R x E. We show (with the help of Proposition 7.9) that these 
spectral flow terms are cancelled by the correction terms £° for the handlebodies and 
the terms for £ for the manifolds Y and Y p / q . This is true since first of all the 

CiU^p/q), b) - = SF C7l _ i ,(c, b) + (C(U(p/q)) - em , 

so 

(C(U , b) + f (£MpM b)) - (C(U , c) + C(Ui, c)) 
= SF Uo (c, b) + SF Vl _ K (c, b) + (C(U( P /q)) - C(U)) 
Applying the splitting theorem for spectral flow 

SF Y . K (c, b) = SF^c, b) + SF MxS (c, b) + SF [/l _^(c, b), 
Proposition 7.8 and Proposition 7.9, the theorem follows. □ 
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8. The invariant 9 for lens spaces 

In this section, we calculate the ^-invariant for lens spaces L pq . Our aim is the 
following: 

Proposition 8.1. There is an identification Spin c (L p(3 ) = Z/pZ, under which the 
invariant 9 for L(p, q) is given by 




if p is even and 




if p is odd. In particular, in either case, 

(23) 2 J2 K» = -P-<^P)- 

oeSpin c (L Pi9 ) 

Remark 8.2. The reader can find the precise identification Spin c (L P)9 ) = Z/pZ in 
the course of the proof of the above result (see the proof of Lemma 8.4)- We do 
not spell this out at this point, since our main interest is Equation (23) which is 
independent of these identifications. 

Note first that L PiQ can be thought of as a quotient of the standard, round three- 
sphere S* 3 by a group of isometries. We call this the standard metric on L Pjq . We can 
work with this metric to calculate 9, according to the following lemma, whose proof 
is given at the end of this section: 

Lemma 8.3. On a lens space L Pjq , we have that 

9(Lp, q , a) = -£(L Pjq , a) 

for any Spin c structure a G Spin c (L Pi9 ), where the right hand side is calculated using 
the standard metric on L pq . 

The calculation of is a straightforward consequence of the Atiyah-Bott- 

Lefschetz fixed point theorem, for manifolds with boundary (a variant of which is 
mentioned in [3], with a complete proof given in [10]). Closely related calculations 
can be found in ([12], see also [11]). We review the relevant theory. 

We find it convenient to express the correction terms £(Y) in terms of Atiyah- 
Patodi-Singer eta-invariants, by the APS index theorem. If (X, r) is a Spin c four- 
manifold which bounds a rational homology three-sphere Y with Spin c structure a, 

. / 1 f , vs 1 f . , 2 r? Dirac (F, o) + h 
md^t) = -- JMX) + - J^f - ^> , 
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(where h is the real dimension of the kernel of the Dirac operator on Y, and ^ Dirac (y) 
is its real eta invariant), while 

a(X) = ±J^p 1 (X)-r ] ^ n (Y). 

Here, Pi(X) is the first Pontryagin form of X and rj sl 9 n (Y) is the eta invariant for 
the signature operator for even forms, appearing in Theorem 4.14 of [2]. (Metrics are 
suppressed from the notation, but one should bear in mind that the index of the Dirac 
operator, the first Pontryagin form, and the eta invariants and h of the boundary all 
depend on metrics; and moreover the metric on X must have a cylindrical collar near 
its boundary for the formula to hold.) It follows, then that, if the Dirac operator on 
Y has no kernel, then 

(24) £(Y) = hnd R (P, t) - (Cl(t) g [X]) + ^ = -\v Di -(Y, a) - \rf°». 
For the standard metric on L p g , the formula 

(25) V st9n (L P , g ) = -M<1,P) 

can be found in Proposition 2.12 of [3]. This formula, and the formula for r) Dirac , are 
both obtained by a Lefschetz-type theorem, which we outline for Dirac operator. 

Let g be an isometry of Y, which is lifted to an automorphism of the spinor 
bundle of Y. Then, if V\ denotes the A-eigenspace of the Dirac operator, g induces 
an automorphism of V\, and there is an associated 77-function r) g (s,Y), defined by 
analytically continuing the function of s 

*(.,?)= £ {signX ™ ln) 

Ae(Spcc^)-O) 

over the complex plane. The g-eta invariant, then, is defined to be the evaluation 
r) 9 (Y) = i] g (0, Y). Moreover, if G is a finite group of automorphisms of a spin- manifold 
Y, which acts freely by isometries on the base, and a is any representation of G, there 
is an associated flat line bundle F a over the spin manifold Y = Y/G. Coupling the 
Dirac operator to F a , we obtain an 77-invariant r) a (Y) obtained by evaluating r) a (s, Y) 
at s = 0. If the representation maps to S 1 , this is the eta invariant for the Dirac 
operator on Y coupled to the Spin c structure obtained by tensoring the spin bundle 
on Y with F a . The eta invariants are related by: 

(26) r ]a (s,Y) = J Lj2v g (s,Y) Xa (g), 
where Xa is the character of a. 



THE THETA DIVISOR AND THE CASSON-WALKER INVARIANT 



47 



If the action of g on Y extends to X as an isometry acting on the spinor bundle, 
then there is a g-index 

md(D, g) = Tr(g|KerL>) - Tr(^|CokerD). 

The APS version of the G-index theorem (see Theorem 1.2 of [10]) gives a formula 
for the g-index in terms of local numbers around the fixed points of g, and the g-eta 
invariant. If the fixed point set of g on X is isolated, it takes the particularly simple 
form: 



(27) ind(D,g) = 

xeFix(g) 



ys Tr{g\W+)-Tv{g\W-) Vg (0) + h g 
^ det(l-4g) 2 



where d x g is the differential of g at x. 

Lemma 8.4. For the standard metric on L Ptq , the eta invariant for the Dirac oper- 
ator is given by 



„»™ l0) = , csc (?) csc (?) cos (T) >fp « ™" 

' ' - r 1 EScsc(2f)csc(27)cos(^) t fp tS odd 



Proof. The 77-invariants of L vq can be calculated using G-index theorem, applied 
to a Z/pZ action on the four-ball B A endowed with an S'0(4)-invariant metric with 
non-negative scalar curvature which is product-like near the boundary. To lift the 
action to the spinor bundle, we follow [5]. Let h be the rotation 

h(w,z) = ((w,( q z), 

where ( p is a primitive p th root of unity. The element h generates a Z/pZ action on 
B 4 . This can be lifted to a map h which acts on the spinor bundles W + and W~ by 
choosing a square root 7 of ( and letting 

flr($ ± )=7 ±1 -^±, 

where Q± is a spinor in W ± , viewed as a bundle of quaternions. There are two slightly 
different cases, according to the parity of p. If p is even, then ±1 — q is even, so 7 ±1_y 
has order p; if p is odd then (7 ±1 ~ 9 ) 2 has order p. Thus, letting g = h if p is even 
and g = h 2 if p is odd, we see that multiples of g generate a free Z/pZ action on B 4 
together with its spinor bundle. 

We apply the G-index theorem to any g G Z/pZ, to compute the g-eta invariant. 
First note that the four-ball has non-negative scalar curvature, so the kernel and 
cokernel of the Dirac operator vanish; in particular, the g-index vanishes. If g ^ 0, 
the only fixed point of g is the origin, and it is easy to calculate the contribution of 
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that fixed point to be 



1 / ng\ ( irqg 

- CSC CSC 



V \ V 



1 (2ug\ (2uqg\ 
resp. — esc esc 

2 V P J V P J 



according to whether p is even or odd. It then follows from the G-index theorem 
that, for g ^ 0, 

7? o (0) = — esc ( — | esc ( — — 

V p J V p 

From Equation (26), it follows that 

2-Kga 



7.(0) = --^(0,5 3 )+X:%(0) cos 

P \ g=1 V P 



Since S 3 has symmetric spectrum, the term 77(0, S* 3 ) = 0. The lemma follows. □ 

We now give the proof of Lemma 8.3, to justify our use of the "standard metric". 

Proof of Lemma 8.3. Suppose we have a genus one Heegaard decomposition 
L p ,q = Uq Usi x si Ui, and fix a pair k' and k[ of metrics on [/ and U\ with non- 
negative scalar curvature metrics which bound a fixed flat metric on the torus. These 
induce a metric k' #Tk[ on L p<q with non-negative scalar curvatures. Then, for all T, 

This is true since all 6(a) vanishes identically, as the theta divisor on a torus does 
not bound. Moreover, £(a, k' #Tk[) is independent of T, since for all T, the metrics 
have non-negative scalar curvatures, so the Dirac operator never acquires kernel. 

We connect the standard metric on L PyQ with a metric of the form k^rk^ through a 
path of metrics with non-negative scalar curvature, to show that the correction terms 
£ agree. In fact, consider the one-parameter family of metrics on S* 3 constructed in 
the proof of Proposition 3.5. These metrics are always invariant under the S* 1 x S* 1 
action on S* 3 (rotating the 6 and (p coordinates). In particular, they are invariant 
under the Z/pZ C S 1 x S 1 action whose quotient gives L p>q . The requisite metrics 
on L p q , then are the metrics induced on the quotient by the Z/pZ action. 

Note that £°(K) = £° (C° x S 1 ) / / pZ)) = 0, since the metric on D x ,S 1 /(Z/pZ) 
can be realized metrically as a fiber bundle over S 1 with fiber a disk (endowed with 
a circle-invariant metric with non- negative sectional curvature), where the holonomy 
is rotation through some angle. Since any rotation is isotopic to the identity through 
isometries, we can connect D x S' 1 /(Z/pZ) with a product metric DxS 1 through met- 
rics of non-negative sectional curvature. Hence, £° ((D x S 1 )/ (Z/pZ)) = 0. Similarly, 
= 0. Thus, the lemma follows. □ 

Thus, we have given all the ingredients to Proposition 8.1. Specifically, we have: 



THE THETA DIVISOR AND THE CASSON- WALKER INVARIANT 
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Proof of Proposition 8.1. The proposition follows from Lemma 8.3, Equations (24) 
and (25), and then Lemma 8.4. □ 
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